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Abstract In this paper we extend the generalized algebraic fundamental group constructed in Esnault
and Hogadi, (Trans. Amer. Math. Soc. 364(5) (2012), 2429-2442) to general fibered categories using the
language of gerbes. As an application we obtain a Tannakian interpretation for the Nori fundamental
gerbe defined in Borne and Vistoli (J. Algebraic Geom. (2014), S1056-3911, 00638-X) for nonsmooth
non-pseudo-proper algebraic stacks.
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Introduction

Let k be a field and let X be a smooth and connected scheme over k with a rational
point x € X (k). The algebraic fundamental group of (X, x), denoted by 722(X, x) is the
affine group scheme over k associated with the k-Tannakian category Dmod(X/k) of
Ox-coherent Dy/r-modules neutralized by the pullback along x: Speck — X. If k is
algebraically closed then the profinite quotient of 72(X, x) is nlét (X, x), Grothendieck’s
étale fundamental group developed in [9].

On the other hand if X is a connected and reduced scheme over k with a rational
point x € X (k), Nori defined in [10] a profinite fundamental group scheme 7N(X, x) over
k which classifies torsors over X by finite group schemes of k with a trivialization over x.
If k is algebraically closed then its pro-étale quotient is again nft (X, x), so that if X is
smooth we have maps

milee (X, x) - ---- » N (X, x)
!
Ld lb
¥
mig(X, x) — > 78X, x)

where a is the profinite quotient and b is the pro-étale quotient (and thus an isomorphism
if chark = 0). If char k > 0, in [7] Esnault and Hogadi completed this diagram with dashed
arrows from an affine group scheme 722> (X, x) associated with a Tannakian category
denoted by Strat(X, 00), with ¢ a profinite quotient and d a quotient.

This work was supported by the European Research Council (ERC) Advanced Grant 0419744101 and
the Einstein Foundation.

Downloaded from https:/www.cambridge.org/core. HU Humboldt Universitat Zu Berlin, on 09 Jul 2017 at 18:07:02, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801700024X


mailto:tonini@zedat.fu-berlin.de
mailto:l.zhang@fu-berlin.de
https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801700024X
https:/www.cambridge.org/core

2 FE. Tonini and L. Zhang

In this paper we would like to generalize the above picture to certain fibered categories
over a field k which may not possess a rational point, and this applies in particular
to algebraic stacks which are not necessarily smooth. To achieve this we will use the
language of gerbes instead of that of affine group schemes, just as how Borne and Vistoli
generalized the Nori fundamental group scheme to fibered categories in [4].

For smooth schemes X there are several equivalent descriptions of the category
of Ox-coherent Dyx-modules, for instance the category Crys(X) of crystals on the
infinitesimal site of X, or the category Str(X) of stratified bundles, or, in positive
characteristic, the category Fdiv(X) of F-divided sheaves (see [3, Proposition 2.11, p. 2.13]
and [8, Theorem 1.3, p. 4]).

Let X be a quasi-compact, quasi-separated and connected category fibered in groupoids
over k (see Definition 2.5 and the section Notations and conventions for the meaning
of those adjectives). In order to define an algebraic fundamental gerbe in general,
we are going to define k-linear monoidal categories Crys(X), Str(X), and, in positive
characteristic, Fdiv(X'), and discuss when those are Tannakian categories. More precisely
we will define the big infinitesimal site Xing of X, the big stratified site Xy of X and the
direct limit XK of relative Frobenius of X'. These are fibered categories over k equipped
with a morphism from X. The categories Crys(X), Str(X) and Fdiv(X) are then defined
as Vect(Xinp), Vect(Xy;) and Vect(X'(*h) (see Definitions 6.7 and 6.20), where Vect(—)
denotes the category of vector bundles (see the section Notations and conventions for its
definition). Since those categories are not equivalent in general when X is not smooth, we
develop an axiomatic language which allow to treat all of them together. The advantage of
this language is that all functors involved will be expressed as pullback of vector bundles
along certain maps, making proof easier and more conceptual.

Let X — X7 be a morphism of fibered categories over k, and let T (X) = Vect(X7).
We will list four axioms A, B, C and D on the given morphism X — X7 or, to simplify
the exposition, on T (X) (see Axioms 5.2) which imply nice ‘Tannakian’ properties of
T (X). Denote by Lo the endomorphisms of the unit object of 7 (X)), that is Lo = HO((’)XT)
and, if C is a k-Tannakian category, denote by IT¢ the associated affine gerbe over k. For
instance A and B imply that Lg is a field, that 7(X) is an Lg-Tannakian category
and, moreover, that I17(x) has the following universal property: there is an Lo-map
X7 — Il (x) which is universal among Lo-morphisms from X7 to an affine gerbe over
Ly (see Theorem 5.8).

The first main application of our axiomatic language is the following:

Theorem I (Lemma 2.7, Theorems 6.8 and 6.23). Assume that X is geometrically
connected over k and either HY(Ox) = k or there exists a field extension L/k separably
generated up to a finite extension (see Defnition 6.1) such that X (L) # 0.

(1) If X admits an fpqc covering U — X from a Noetherian scheme U defined over the
perfection kPt of k then Str(X) satisfies azioms A, B and C and it is a k- Tannakian
category.

(2) If X is an algebraic stack locally of finite type over k, then Crys(X) satisfies axioms
A, B and C and it is a k-Tannakian category.
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Algebraic and Nori fundamental gerbes 3

(3) (chark > 0) If X admits an fpgc covering U — X from a Noetherian scheme U
whose residue fields are separable up to a finite extension over k (see Defnition 6.1)
then Fdiv(X) satisfies azioms A, B, C and D and it is a pro-smooth banded (see
Defnition B.11) k-Tannakian category.

In any of the above situations, taking the gerbe associated with the corresponding
Tannakian category, one has a notion of algebraic fundamental gerbe for X /k. Notice
moreover that all conditions are satisfied in Theorem I if X is a geometrically
connected algebraic stack of finite type over k. In this last situation, in an unpublished
result B. Bhatt proved that the three categories Crys(X), Str(X) and, in positive
characteristic, Fdiv(X) are all equivalent. This means that the three candidates for
algebraic fundamental gerbe coincide for algebraic stacks of finite type over k.

The fact that Fdiv(&') is pro-smooth banded has already been observed by dos Santos
in [12, Theorem 11], under the assumption that k is algebraically closed and X is a
connected, locally Noetherian and regular scheme (see Remark 6.28).

Once we have a notion of an algebraic fundamental gerbe we must compare it with
the relative analogous of the Grothendieck’s étale fundamental group, namely the Nori
étale fundamental gerbe Hi/e,f of X/k (see Definition 4.1) which exists if and only if X
is geometrically connected over k (see Proposition 4.3). If T(X) satisfies axioms A, B
and C then X is geometrically connected over Ly and Hg’/é]fo is the pro-étale quotient of
M7 (x). If moreover T(X) satisfies axiom D, one can use the profinite quotient instead
(see Theorem 5.8). In the hypothesis of Theorem I we have that H§f£ is the pro-étale
quotient of Mgy(xy and IMcpysxy in situations (1) and (2) respectively, it is the profinite
quotient of ITggiy(x) in situation (3).

The fibered category X admits a Nori fundamental gerbe 1'11} Jk over k if and only if
it is inflexible over k (see [4, Definition 5.3 and Theorem 5.7]) and in this case Hﬁ/ekt is
the pro-étale quotient of H% Ik We give a new concrete geometric interpretation of the
notion of inflexibility: If X is reduced (see Definition 2.5) then X is inflexible if and only
if k is integrally closed in H*(Oy) (see Theorem 4.4).

Assume X reduced from now on. In characteristic 0 Nori fundamental gerbe and Nori
étale fundamental gerbe coincide, so let us assume chark = p > 0. The same procedure
used by Esnault and Hogadi in [7] allows us to construct a category Too(X) starting from
the functor 7 (X) —> Vect(X) and the pullback of Frobenius on those categories (see
Definition 5.11). In particular are defined categories Crys,, (&), Stroo(X) and Fdivee (X).
If 7(X) satisfies axioms A and B then 75 (X) is an Lyo-Tannakian category, where Ly is
the purely inseparable closure of Lq inside H(Oy) and thus, X is also a category fibered
over Loo. If T(X) also satisfies axiom C, then X is inflexible over Lo, and we have a
diagram

c N
Ny —— HX/Loo

L

N.ét

M7 ———— My,
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4 FE. Tonini and L. Zhang

where ¢ is a profinite quotient of Lso-gerbes (see Theorem 5.14). In particular
Rep(Hl)\é / Lm) =~ EFin(75 (X)), where EFin(—) denote the full subcategory of essentially
finite objects (see [4, Definition 7.7]). Via Theorem I we obtain the following Tannakian
interpretation of the Nori fundamental gerbe, which extends the Tannakian interpretation
in [4, Theorem 7.9] to non-pseudo-proper fibered categories.

Theorem II. In the hypothesis of Theorem I assume moreover X reduced and inflexible.
In situation (1) (respectively (2), (3)) of Theorem I we have a canonical equivalence of
k-Tannakian categories:

Repk(l‘ll)\é/k) >~ EFin(Stro (X)) (respectively EFin(Crysy, (X)), EFin(Fdive(X))).

If X is inflexible over k and we apply the axiomatic theory to X — X7 = 1'[1;;‘}:

we obtain Repl'lg](/k >~ Too(X). In particular Rep(l‘I)N(/k) can be reconstructed from

the map Rep(l'[l/.\é’/é]:) —> Vect(X) and the Frobenius pullback of those categories (see
Theorem 5.16).

Finally we study the infinitesimal part of H% e that is its pro-local quotient H?(/I;c
(see Definition B.11), and give a concrete description of its representations in terms
of vector bundles on X: applying the axiomatic theory to X — X7 = Speck we have
Repl’[i’)j{ >~ Too(X) (see Theorem 7.1).

One of the main ingredient in the proofs of our results regarding the Nori gerbes is
the use of a generalized version of Tannaka’s duality that can be applied, not only to
gerbes, but also to finite stacks. This version of Tannakian duality is discussed §1 in a
great generality.

In [14], which is based on the results of this paper, we gave an alternative and more
geometric description of essentially finite F-divided sheaves.

We outline the content of this paper. In the first section we describe a generalization of
classical Tannaka’s duality, while in the second and third section we collect some useful
results that will be used through all the paper. In section four we introduce different
notions of Nori fundamental gerbes and discuss their existence. Section five contains the
formalism and general results of the paper, while in section six we determine appropriate
conditions under which Str(X’), Crys(X) and Fdiv(X) satisfy the axiom of section five. In
the last section we study the pro-local Nori fundamental gerbe. In the two appendices
we study limit of categories and general results about affine gerbes respectively.

Notations and conventions

Given a ring R we denote by Aff/R the category of affine R-schemes or, equivalently, the
opposite of the category of R-algebras.

If Z and ) are categories over a given category C, by a map Z — ) we always mean
a base preserving functor. Similarly given maps F, G: Z — ) a natural transformation
y: F — G will always be a base preserving natural transformation, that is for all
z € Z over an object ¢ € C, the map y,: F(z) — G(z) lies over id.. If ) is a fibered
category we will denote by Homg,(Z, ) the category of base preserving functors 2 — Y
which send all arrows to Cartesian arrows and the maps are the base preserving natural
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Algebraic and Nori fundamental gerbes 5

transformations. If ) is a category fibered in groupoids then Hom;(Z, J) is the category
of all base preserving functors and we will simply denote it by Hom¢ (2, ). If C = Aff/R,
where R is a base ring, we will simply write Hom$, or Hom¢ if the base ring is clear from
the context. If Z is a category over Aff/R the categories

Vect(2) € QCohg,(2) € QCoh(Z)

are defined as Hom%(Z, Vect) € Hom% (2, QCohg,) € Hom%(Z, QCoh), where Vect €
QCohg, € QCoh are the fiber categories (not in groupoids) over Aff/R of locally free
sheaves of finite rank, quasi-coherent sheaves of finite presentation and quasi-coherent
sheaves respectively. The categories Vect(Z2), QCohyg, (2) and QCoh(Z) are R-linear and
monoidal categories. We say that a sequence of maps F — F — F” in QCoh(Z2) is
pointwise exact if for all § € Z over Spec A the sequence of A-modules 7' (§) — F(§) —
F" (&) is exact. Notice that in QCohg,(2) and QCoh(Z) all maps have a cokernel (defined
pointwise). If Z = Spec B is affine we will simply write Vect(B), QCohg, (B) and QCoh(B).
The writing £ € Z(A) means that £ is an object of Z over Spec A, and if F € QCoh(Z2),
we will denote by Fr € QCoh(A) the evaluation of F in &.

If f: Y —> Z is a base preserving map of categories over Aff/R then we have functors

f*: Vect(2) — Vect()), f*: QCohg, (2) —> QCohg, (),
f*: QCoh(Z) — QCoh(Y)

obtained simply by composing with f and they are R-linear and monoidal.

An fpqc covering X —> ) between categories fibered in groupoids is a functor
representable by fpqc covering of algebraic spaces. A fibered category is called
quasi-compact if it is fibered in groupoids and it admits an fpqc covering from an
affine scheme. Let X and ) be categories fibered in groupoids. A map f: X — ) is
quasi-compact if X xy A is quasi-compact for all maps Spec A — Y, it is quasi-separated
if its diagonal is quasi-compact. The category X is called quasi-separated is X —> Spec Z
is quasi-separated, which implies that all maps X —> ) are quasi-separated if )} has
affine diagonal. If f: X — ) is quasi-compact and quasi-separated and X and ) admit
an fpqc covering from a scheme (respectively affine map between categories fibered
in groupoids) then f*: QCoh()) — QCoh(X) has a right adjoint fi: QCoh()) —
QCoh(X) which is compatible with flat base changes of ) (respectively any base change
of V) (see [13, Propositions 1.5 and 1.7]).

Given a category fibered in groupoids X" over Aff/F, we define the absolute Frobenius
Fy of X as

Fy: X — X, X(A) & Fi& € X(A)

where F4: Spec A — Spec A is the absolute Frobenius of A. The Frobenius is IF,-linear,
natural in X and coincides with the usual Frobenius when X is a scheme. If X" is defined
over a field k of characteristic p we define XK = X x; k, where k —> k is the ith power
of the absolute Frobenius of k, and we regard it as category over k using the second
projection. For simplicity when k is clear from the context we will use just —%) dropping
the k. Notice that (X®){) is canonically equivalent to X“*/). The ith relative Frobenius
of X is the k-linear map X — X'@ that, composed with the projection X — X, is
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6 F. Tonini and L. Zhang

the Frobenius F }( Notice that applying —) to the ith Frobenius of X one obtains the
ith Frobenius of X) and the composition of 1th Frobenius

X—xh ... x®
is the ith Frobenius of X. When X = Spec A we will also set AY) = A ®y k, where k — k
is the ith power of the absolute Frobenius of k, so that X = Spec A®.

All monoidal categories and functors considered will be symmetric unless specified
otherwise.

1. Tannaka’s reconstruction and recognition

Definition 1.1. A pseudo-abelian category is an additive category C endowed with a
collection J¢ of sequences of the form ¢’ — ¢ —> ¢”, where all objects and maps are
in C. A linear functor ®: C — D of pseudo-abelian categories is called ezact if it maps
a sequence of Jeo to a sequence isomorphic to one of Jp.

Let R be a ring. If X is a category over Aff/R then Vect(X) will be considered as
pseudo-abelian with the collection of maps ' —> F — F” such that

0—F —-F—F'—0
is pointwise exact. If C is abelian it is also pseudo-abelian if endowed with its short exact
sequences. If C and D are R-linear, monoidal and pseudo-abelian categories we denote
by Homg r(C, D) the category whose objects are R-linear, exact and monoidal functors
and whose arrows are natural monoidal isomorphisms. Notice that if f: Y — Z is any

base preserving map of categories over Aff/R then f* € Homg, gr(Vect(2), Vect())).
Let C be a pseudo-abelian monoidal R-linear category. The expression

[I¢(A/R) = Homg g (C, Vect(A))
defines a stack in groupoids for the fpqc topology over R. There is a functor
C — Vect(Ilg), ¢ —> (I1¢(A) 3 € —> &(c) € Vect(A))
which is R-linear, monoidal and exact. This induces a natural functor
Hompg(Z, I1¢) — Homg r(C, Vect(2))

for all categories Z over Aff/R, which is easily seen to be an equivalence.

We say that C satisfies Tannakian recognition if the functor ®: C — Vect(I1¢) is an
equivalence and for all sequences x: ¢’ —> ¢ —> ¢” we have ®(x) is exact if and only if
x € Jec (equivalently ® has an R-linear, monoidal and exact quasi-inverse).

If Y is a category over Aff/R there is a base preserving functor ) —> Tlyect(y), namely

n € Y(A) —> (Vect()) > ® —> d(n) € Vect(A4)).

We say that a category fibered in groupoids ) satisfies Tannakian reconstruction if the
functor ) — Tlyect(y) is an equivalence, or, equivalently, the pullback

Hom%(Z,Y) — Homg r(Vect()), Vect(2)), f+— f*

is an equivalence for all categories Z over Aff/R (just apply Hom%(Z, —) to the map
Y —> Mvecty))-
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Remark 1.2. If C satisfies Tannakian recognition then Iz satisfies Tannakian
reconstruction and if ) satisfies Tannakian reconstruction then Vect())) satisfies
Tannakian recognition. Notice also that those conditions do not depend on the base ring
R. Indeed Vect(—) is insensible to the base ring and if C is a pseudo-abelian monoidal
R-linear category then

[ — Aff/R — Aff/Z

coincides with Il¢ where C is thought as a Z-linear category.

Definition 1.3. Let Z be a category fibered in groupoids and D € QCoh(Z) be a full
subcategory. We say that D generates QCoh(Z2) if any object of QCoh(Z) is a quotient
of an arbitrary direct sum of objects of D. We say that Z has the resolution property if
Vect(Z) generates QCoh(Z).

Theorem 1.4 [13, Corollary 5.4]. If Z is a quasi-compact stack for the fpqc topology over
a ring R with quasi-affine diagonal and the resolution property then it satisfies Tannakian
reconstruction.

Example 1.5. Let & be a field. Classical Tannaka’s duality implies that: if C is a
k-Tannakian category then it satisfies Tannakian recognition and Il¢ is an affine gerbe
(gerbes with affine diagonal) over k. Conversely if IT is an affine gerbe over k then it
satisfies Tannakian reconstruction and Vect(IT) is a k-Tannakian category. More precisely
IT has the resolution property (see [6, Corollary 3.9, p. 132]).

Lemma 1.6. Let f: X — Y be a map of categories fibered in groupoids over R. If
D <€ QCoh(X) generates QCoh(X) and f is finite, faithfully flat and finitely presented
then fi'D = {f«& | € € D} generates QCoh()). If D € QCoh()) generates QCoh(Y) and
f is affine then f*D = {f*H | H € D} generates QCoh(X).

Proof. In the second case, if F € QCoh(X’) then there is a surjective map @j Hi — fiF
with H; € D and therefore a surjective map @j f*Hj — f*fuF. Since f is affine the
map f*fuF —> F is surjective.

Let us consider the first statement. Let G € QCoh(Y) and set Gy =G ®o,
Homy, (fxOx, Oy). The map Oy —> f,Ox, which is locally split injective, induces a
surjective map

Homy (fxOx, Oy) — Oy
and therefore a surjective map Gy —> G. The sheaf Gy is an f,Oy-module, so there
exists G’ € QCoh(X) such that f.G' =~ Gx. Thus, taking a surjection B, £; — G’ with
5;. € D and using that fi is exact we get the result. O

Corollary 1.7. Let T be a finite stack over a field k (see Definition 3.1). Then there exists
& € Vect(I") which generates QCoh(T"). In particular T has the resolution property and it
satisfies Tannakian reconstruction.

Proof. Apply Lemma 1.6 to a finite atlas f: U — ' with U finite k-scheme and
D = {Oy}. O
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8 F. Tonini and L. Zhang

2. Etale part and geometric connectedness

Through this section we consider given a field k.

Definition 2.1. Given a k-algebra A we set
A¢t.k = {a € A | 3 a separable polynomial f € k[x] s.t. f(a) = 0}.

Alternatively Agty is the union of all k-subalgebras of A which are finite and étale over
k. When the base field is clear from the context we will simply write Ag.

Remark 2.2. If A — B is a surjective map of k-algebras with nilpotent kernel then,
using the uniqueness of the lift of an étale morphism, we can conclude that Agy —> Bgt
is an isomorphism.

Remark 2.3. Let A be a k-algebra of characteristic p. The ith relative Frobenius of A is
given by
fi AD — Ak — A, a®h— a? A

If x= Zlgjgn aj®b; € AD with a; € A and b; € k, then xP = Zlgjgn af (X)b§7 =
Z]gjgn af b;j®1=fi(x)®1 for all x € AW In particular Kerf; = {x € AD | x?" = 0}.
Moreover the map (A1)g —> Ag; is an isomorphism. Indeed denote by B the image of

AD — A Since AV — B is surjective with nilpotent kernel the map (AV)g —> Bg
is an isomorphism. Since B contains all p-powers of A, we see that Ag = Bgt.

Lemma 2.4. Let A be a finite k-algebra of characteristic p. There exists n € N such that
the image of the relative Frobenius A" — A is an étale k-algebra. In particular the
residue fields of A" are separable over k.

Proof. We can assume that A is local with residue field L. Consider n € N such that
p" > dimg A = dimg A, In particular the p"-power of the maximal ideal of A™ is zero.
Taking into account Remark 2.3 we see that the image of A — A is the residue field
of A™  which also coincides with the residue field of L. If K is the maximal separable
extension of k inside L we have that x?" € K for all x € L. By Remark 2.3 we see that
the image of L™ — L is contained in K and thus is separable over k. O

Definition 2.5. If )V and Z are categories fibered in groupoids we define YU Z as
the category fibered in groupoids whose objects over an affine scheme U are tuples
(U',U",&,n7) where U’, U” are open subsets of U such that U =U"uU", & € YU’
and n € ZU").

We say that a category fibered in groupoids X is connected if H*(Ox) has no nontrivial
idempotents. We say it is reduced if any map U — X from a scheme factors through
a reduced scheme fpqc locally in U. We say that a morphism of categories fibered
in groupoids f: X — Y is geometrically connected (respectively reduced) if for all
geometric points Spec L —> ) the fiber X’ xy L is connected (respectively reduced).
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Remark 2.6. If X is a stack in groupoids for the Zariski topology and ), Z are open
substacks then one can always define a map Y LU Z — X. In this situation X" is connected
if and only if it cannot be written as a disjoint union of nonempty open substacks.

If X is a reduced category fibered in groupoids then HY(Oy) is a reduced ring. Indeed
if » € HY(Ox) then one can define the vanishing substack J) — X of A, so that Y — X
is a closed immersion which is also nilpotent if A is so. Let us prove that ) = X, that
is that if U — X is a map from a scheme then U xy Y — U is an isomorphism. By
fpgc descent and the definition of reducedness we reduce the problem to the case when
U is reduced, where the result is clear.

If X is an algebraic stack then the notion of reducedness just defined and the classical
one coincides.

Lemma 2.7. Let X be a quasi-compact and quasi-separated fibered category over k. Then

(1) for all field extensions L/k we have
HY(Ox)eex @k L = H'(Oxw,1)ét.1

(2) the map X —> Spec HO(OX)étyk is geometrically connected;
(3) the fiber category X is geometrically connected over k if and only if H*(Ox)etx = k.

Proof. It is clear that (2) = (3). Write A = H*(Oy) and notice that if k € B C Ag
and C is any B-algebra then

H(Oxy,0) ~ A®5 C.

This follows from the fact that X — Spec B is quasi-compact and quasi-separated, so
that the notion of pushforward of quasi-coherent sheaves is well defined, and the fact
that B is a Von Neumann regular ring, that is all B-modules are flat or, equivalently,
all finitely generated ideals are generated by an idempotent: indeed B is a filtered direct
limits of its k-étale and finite subalgebras, which are easily seen to be Von Neumann
regular rings. This shows that we can assume X = Spec A and work only with algebras.

Let us prove (1). We have an inclusion Ag; i ®x L € (A ®x L)¢t,r- Given an element
u € (A®y L) separable over L we must show that u € Ag x ®k L. Since u can be written
with finitely many elements of A and L and the same is true for the separable equation it
satisfies, we can assume that A/k is of finite type and L/k is finitely generated. Moreover
the result holds for the extension L/k if it holds for all subsequent subextensions in a
finite filtration k = kg Ck; C --- C k; = L, or if it holds for L’/k, where L C L', because
of the inclusion

(At x @k L)®L L' S (A®k L)ét. . QL L' € (AQx L ¢t -

In conclusion the problem can be split in the following cases: L/k is finite and Galois;
L=k and k —> L is the Frobenius; k and L are algebraically closed: first assume
L algebraically closed, then assume L/k algebraic using the splitting k € k C L, then
assume L/k finite and, finally, split in separable and purely inseparable extensions
which are subextensions of a Galois extension and of a sequence of Frobenius extension
respectively.
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10 F. Tonini and L. Zhang

Assume first that L/k is finite and Galois with group G = Gal(L/k). The subalgebra
(A®i L)¢t.1, of A®y L is invariant by the action of G and therefore, by Galois descent,
we have

(A®k L)ét,1 = (A®x L)gt,L ®x L.

Since (A @k L)¢t, 1 is etale over L and therefore over k and (A ®x L)gE,L =(A®r L) NA
we obtain the result.

Assume now that L = k and k —> L is the Frobenius. We have a commutative diagram
of k-linear maps

5
Atk Ok L ———— (A®r L)¢t,p —————— AR L

[ T~
A

Agt k

where the y, are the relative Frobenius and A and Agt x has to be thought of as L-algebras
in the bottom row. We must show that § is an isomorphism. By Remark 2.3 u and
YAg are injective because (A ®x L)g,r is reduced. It also follows that ya, , is an
isomorphism because it is an L-linear injective map between two L-vector spaces of the
same dimension. Since Ag; ; is the maximum L-étale subalgebra of A it follows that § is an
isomorphism.

Assume now that k and L are algebraically closed. Notice that in this situation A is
connected if and only if Ag;x = k. Decomposing A into connected components we can
assume that A is connected. Since k and L are algebraically closed it follows that also
A ®y L is connected and therefore that (A ®x L)¢t., = L.

Let us now prove (2). Let a: Agyx —> L be a geometric point. We must prove that
(A®ua¢ i L)st,L = L. Let J be the kernel of @ and F be its image, which is easily seen
to be a field. Thanks to (1) it is sufficient to prove that (A ®a, , Flet.r = (A/J At F is
just F. Let a € A be such that its quotient lies in (A/JA)ét’F.’ Lifting also a separable
equation satisfied by @ mod J to Agt x, we can again assume that A is of finite type over
k and, moreover, that it is connected. In this case Ag; g is just a field, thus equal to F
and the result is obvious. O

3. Some results on finite stacks

Let k be a field. In this section we collect some results about finite stacks that will be
used later. For many other properties look at [4, §4].

Definition 3.1. A finite (respectively finite étale) stack I' over a field k is a stack in the
fppf topology on Aff/k which has a finite (respectively finite étale) and faithfully flat
morphism U —> T from a finite (respectively finite étale) k-scheme U. Equivalently T is
the quotient of a flat groupoid of finite (respectively finite étale) k-schemes.

Here is a nontrivial application of the Tannaka’s duality discussed in §1 which

generalize [4, Proposition 4.3].
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Algebraic and Nori fundamental gerbes 11

Proposition 3.2. If T is a finite and reduced stack over k then T —s Spec HO(Or) is
a gerbe.

Proof. We can assume I' connected, so that L = HY(Or) is a field. Set C = Vect(I).
Since I' is Tannakian reconstructible by Corollary 1.7, the functor I' — Il¢, which is
an L-map, is an equivalence. By [4, Lemma 7.15] we have C = QCohg,(I"), which easily
implies that C is an L-Tannakian category and therefore Il¢ is a gerbe over L. O

Lemma 3.3. If L/k is an algebraic extension of fields and T is a finite stack over L
then there exists a finite subextension F/k, a finite stack A over F with an isomorphism
I'~AxpglL.

Proof. The stack I' is the quotient of a groupoid s,t: R = U, where R, U are spectra of
finite L-algebras and s, ¢t are faithfully flat. Since everything is of finite presentation, we
can descend the groupoid R = U to a finite subextension F/k, thus also T'. O

Lemma 3.4. Let R = U be a flat groupoid with R and U finite over k. Then (R Xs:.u
R)¢y = Ret Xs.1,Us, Reét, the maps defining the groupoid R = U yields a structure of
groupoid on Rg = Ug with a map from R = U. Moreover if the residue fields of R
and U are separable over k, the same holds for (—)ed in place of (—)g and the resulting
groupoids are the same, where (—)req is the functor which takes, for any scheme X, its
reduced closed subscheme structure.

Proof. Using Lemma 2.4 and Remark 2.3, we can Frobenius twist the original groupoid
until R and U has separable residue fields, that is their reduced structures are étale. In
this case Rieq —> R —> R¢t is an isomorphism and similarly for U. The result follows
by expressing a groupoid in terms of commutative and Cartesian diagrams and using
the following fact: if V, W, Z are finite k-schemes whose reduced structures are étale and
V,W — Z are maps then

(V Xz W)ed = Vied X Zyog Wred = Vit Xz, Weat = (V xz W)t

The above equalities follows because a product of étale schemes is étale and thus reduced.
O

Definition 3.5. Let I" be a finite stack over k and let U — I' be a finite atlas where U
is affine. We define I'¢; ; as the quotient of the groupoid constructed in Lemma 3.4 with
respect to the groupoid R = U xp U == U. When £ is clear from the context we will drop
the —. By Lemma 3.6 below this notion does not depend on the choice of the finite atlas.

Lemma 3.6. Let I'/k be a finite stack and E/k be a finite and étale stack. Then the functor
Homy (T¢t, E) —> Homy (T, E) is an equivalence. Moreover for all j € N the map gy —>
(T'W)g is an equivalence and for j > 0 the functor TV —s (') has a section. In
particular for j > 0 the relative Frobenius I' — T'U) factors through Tg;.

Proof. The second part follows from Lemma 2.4 and Remark 2.3. For the first part
is enough to show that, if U is a finite k-scheme, then E(Ug) — E(U) is an
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12 FE. Tonini and L. Zhang

equivalence. Since U —> Uy is finite, flat and geometrically connected by Lemma 2.7, it
follows that the diagonal U — R = U xy,, U is a nilpotent closed immersion, so that
E(R) — E(U) and the two maps E(U) = E(R) induced by the projections R = U are
equivalences. Computing E(Ug) on the flat groupoid R = U we get the result. O

Remark 3.7. If T is a finite stack over k and L/k is a field extension then, by Lemma 2.7
and the definition of T'¢; &, we have T'gq g xx L 2 (I' X L)¢y, -

Remark 3.8. If " is a finite stack over F and F/k is a finite and purely inseparable
field extension then the natural morphism ¢ p —> T p Xk F = (I xg Fge p is an
equivalence. Indeed I' — I" x4 F is the base change of the diagonal of Spec (F) by T'¢ F,
thus it is a nilpotent thickening, so it induces an equivalence on the étale quotients.

Definition 3.9. A finite stack I' over k is called local if T'¢; , = Speck.

Remark 3.10. A closed substack of a finite and local stack is always local. Indeed if
A is a closed substack of a finite and local stack I' then, since I' is connected and
thus topologically a point, the map A — T is a nilpotent closed immersion: using the
definition of the étale part from a presentation follows that Ag = I¢t.

4. Nori fundamental gerbes

Definition 4.1 [4, §5]. If Z is a category over Aff/k the Nori fundamental gerbe
(respectively étale Nori fundamental gerbe, local Nori fundamental gerbe) of Z/k is a
profinite (respectively pro-étale, pro-local) gerbe IT over k together with a map Z — II
such that for all finite (respectively finite and étale, finite and local) stacks I' over k the
pullback functor
Homy (TT, T') —> Hom(Z,T")

is an equivalence. If this gerbe exists it is unique up to a unique isomorphism and it will
be denoted by Hg Jk (respectively Hg’/ekt , Hg};{) or by dropping the /k if it is clear from
the context.

Remark 4.2. If Z is a category fibered in groupoids over k a Nori gerbe exists over k if
and only if Z is inflexible over k, that is all maps from Z to a finite stack over k factors
through an affine gerbe over k (see [4, Definition 5.3 and Theorem 5.7]). This is the case
if Z is an affine gerbe over k. Moreover if Z is inflexible also the étale and local Nori

gerbe exist, Hg’ét = (Hgy)ét and Hg’L = (Hg)L (see Definition B.11 and Remark 3.10).

The following result, although not stated elsewhere, is known by experts.

Proposition 4.3. Let Z be a quasi-compact and quasi-separated fibered category. Then Z
admits a Nori étale fundamental gerbe if and only if Z is geometrically connected over k.

Proof. Assume a Nori étale fundamental gerbe exists. If/k CAC HO((’)Z) with A/k
étale, then by definition Z — Spec A factors through Hg‘et. Since HO(OHN‘ét) =k, the
z
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Algebraic and Nori fundamental gerbes 13

factorization tells us that A — H%(Oz) factors through k. Thus H'(Oz)4 = k and Z
is geometrically connected by Lemma 2.7. )

Assume now Z geometrically connected. The proof of the existence of Hg’et follows
the same proof given in [4, Proof of Theorem 5.7]. In our case I is the 2-category of
Nori reduced maps Z —> A where A is an étale gerbe. Recall (see [4, Definition 5.10])
that Z — A is called Nori reduced if for any factorization Z — I'" — I', where I'" is a
finite gerbe and I — T is faithful, the map I'" — T is an isomorphism. The only thing

that must be checked is that if Z —f—> I" is a map to a finite and étale stack then there
exists a factorization Z —> A —> I" where A is an étale gerbe and « is Nori reduced.
Consider A" = Spec (Or/Z) where Z = Ker(Or —> f,Oz). The stack A’ is finite, étale
and H%(O,/) is étale over k and contained in H(Oz), thus equal to k. So A’/k is a
gerbe thanks to Proposition 3.2. The map £ — A’ factors through a Nori reduced map
z-2 A, where A is a finite gerbe, and A —> A’ is faithful. It follows that A is étale
because faithfulness means that the map on stabilizers is injective. O

The following result generalize [4, Proposition 5.5].

Theorem 4.4. Let Z be a reduced, quasi-compact and quasi-separated fibered category.
Then Z is inflexible if and only if k is integrally closed inside H*(Oz).

Proof. The only if part is [4, Proposition 5.4, (a)]. For the if part consider a map
f:Z —> T where I' is a finite stack. If Z = Ker(Or —> f,Oz) then f factors through
Spec (Or/Z), so that we can assume Op — f,Oz injective. So I' is reduced, finite and
HY(Or) is a subalgebra of H%(©z) finite over k, thus equal to k by our assumption. By
Proposition 3.2 it follows that I' is a finite gerbe. O

5. Formalism for algebraic and Nori fundamental gerbes

Let k be a field and consider two categories X and X7 over Aff/k together with a base
preserving functor 77 : X — X7

Definition 5.1. Set T;(X) = Vect(X7), which is a pseudo-abelian, rigid, monoidal and
k-linear category. Moreover the functor n;‘-: Ti(X) —> Vect(X) is k-linear, monoidal
and exact. More generally if ) is a fibered category over Aff/k we have a natural functor

Homj (X7,)) — Hom{ (X, ).

By Definition 1.1 Il (x) comes equipped with a k-map X7 — Ily(x) inducing
id: T (X) — Vect(X7). We will drop the —; when k is clear from the context.

We consider categories over k instead of just fibered categories over k in order to apply
this theory also to categories X like small sites of algebraic stacks.

We now introduce a list of axioms that will ensure nice Tannakian properties of 7 (X).
In what follows by a finite (étale) stack over a ring R we mean a stack which is an
fppf quotient of an fppf groupoid of finite (étale), faithfully flat and finitely presented
R-schemes.
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14 FE. Tonini and L. Zhang

Axioms 5.2. Set L = HO(OXT) = End7(x)(17(x)) and consider:

As T(X) = QUohg,y (X7);
B: the functor 7 (X) — Vect(X) is faithful;

C: for all finite and étale stacks I" over L the following functor is an equivalence
Hom; (X7,T") — Homy (X, I")

D: all L-maps from X7 to a finite gerbe over L factors through a finite and étale gerbe
over L.

Remark 5.3. If chark =0and L = HO(OXT) is a field then axiom D is automatic, because
all finite gerbes are also étale.

Lemma 5.4. Assume aziom A. Then T(X) is a k-linear, abelian, monoidal and rigid
category and the exact sequences are pointwise exact.

Proof. We already know that 7 (X) is k-linear, rigid and monoidal. In the category
QCohyg, (X7) cokernel can be taken pointwise. The result then follows because if o: F —>
G is a map of locally free sheaves over Spec (R) whose cokernel is locally free, then Ker(«)
is locally free and the formation of the kernel commutes with arbitrary base change. [

Remark 5.5. If C is a k-linear and monoidal category and R = End¢(1¢) then C has a
natural structure of R-linear category: if A € R and ¢: x —> y is a morphism in C we
define

®h
A¢:x:x®lc¢—>y®lc:y.

Lemma 5.6. Let C be a k-linear, rigid, abelian and monoidal category and let F: C —
Vect(2), where Z is a nonempty category over Aff/k, be a k-linear, exact and monoidal
functor. If Z is connected and F is faithful then Ende(1¢) is a field. If L = Ende(1¢) is
a field then C, with its natural L-linear structure, is an L-Tannakian category and F is
faithful. In particular C is Tannakian recognizable and ¢ is an affine gerbe over L.

Proof. Assume Z connected, F faithful and set R = End¢(1¢). Let us show that it is a
field proving that if @ € R is nonzero then it is invertible in R. Since C is abelian consider
the exact sequence

0—>IC—>lc—a—>lc—>Q—>0.

Since F is exact, F () is an element of End(Oz) = H°(Oz) whose kernel and cokernel are
locally free. Thus for all £ € Z, we get a natural decomposition Spec ((Oz)s) = Ug U Vg
where Ug, Vg are the opens where F(«)¢ is invertible and 0 respectively. This determines
an idempotent e € H'(Oz). Since this ring is connected by hypothesis then e =0 or
e = 1, that is one of the following situations occur: F(a) =0 so that o = 0 since F is
faithful; F(«) is an isomorphism, so that F(K) = F(Q) = 0 and, again by faithfulness of
F, K = Q =0, which implies that « is an isomorphism. Thus R = L is a field.
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Algebraic and Nori fundamental gerbes 15

Assume now L = End¢(1¢) is a field. Since Z is nonempty there exists & € Z(A) for
some k-algebra A and the functor

G:C -5 Vect(z) =5 Vect(A)

is k-linear, exact and monoidal. The L-linear structure on C induces an L-algebra
structure on A such that G is L-linear. From [6, 1.9, p. 114] it follows that C is an
L-Tannakian category and G is faithful. In particular also F is faithful. U

As a consequence of Lemmas 5.4 and 5.6 we obtain:

Proposition 5.7. Assume axiom A and set L = HO(O,YT), If X is connected and axiom B
holds then L is a field. If L is a field then axiom B holds, so that T (X) is an L-Tannakian
category, Il (xy is an affine gerbe over L and X — X7 — Il7(x) can be considered
as L-maps.

Theorem 5.8. Assume axiom A and that L = HO(OXT) is a field (for instance if B holds
and X is connected), so that T (X) is an L-Tannakian category by Proposition 5.7, where
L= HO(O;(T). If R—> L is a map of rings and T" is any stack in groupoids over R
satisfying Tannakian reconstruction, then the functor

Homg (T7(x), ') — Homg (X7, T)

is an equivalence. In particular X7 — Il (x) is universal among L-maps from X7 to
an affine gerbe over L.
If aziom C also holds then X —> (Il (x))¢; 1s the étale Nori fundamental gerbe of X

over L, so that Rep(Hl)\é‘/éz) ~ Et(T(X)) (see Definition B.11).
N,ét

If both axioms C and D also holds, then ﬁT(X) = (IT7(x))st, so that Rep(l'[X/L) ~
EFin(7 (X)) (see Definition B.11).

Proof. Since 7(X) and I' are Tannakian recognizable and reconstructible respectively,
we have equivalences

Hompg (TT7(x), I') = Homg, g (Vect(I"), T (X)) =~ Homp (X7, T).

The above map is easily seen to coincide with the map induced by X7 —> Il7(x). Since
affine gerbes satisfies Tannakian reconstruction we get the universality of X7 — 7 (x).

Assume now C. Since finite stacks are Tannakian reconstructible by Corollary 1.7,
for all finite and étale stacks I' the maps & — X7 —> 7 (x) — (Il7(x))¢ induces
equivalences

Homy, ((TT7(x))st» I') >~ Homy (IT7(x), I') >~ Homy (X7, I') >~ Homy (X, I)

as desired, where the first equivalence follows because (IT7(x))¢t is the Nori étale quotient
of M7 (x) (see Definition B.11). Finally axiom D tells exactly that a morphism from Iy,
to a finite stack factors through a finite and étale gerbe, which implies the result. O

Remark 5.9. A map X7 —> ) should be thought of as a map X — ) together with an

extra-structure, namely the map X7 — ) itself. For simplicity we can call such a pair
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16 F. Tonini and L. Zhang

a 7T-map X — ). For instance in the concrete examples discussed later this will lead to
the notion of stratified, crystal and F-divided maps respectively. In particular one way
to rephrase the universal property stated in the above theorem is to say that the L-linear
T-map X —> Tl (x) is universal among L-linear 7-maps from X to affine L-gerbes.

Remark 5.10. Under the hypothesis of Theorem 5.8 the L-gerbe IT7(x) together with
the functor X7 — Il7(x) is the ¥-fundamental gerbe of X7 over L, where ¥ is the
class of all affine group schemes, in the sense of [5, Definition 5.6]. In particular X7 —
ﬁT( &) = HEgFin¢T(xy) is the Nori fundamental gerbe of X7 over L and X7 is inflexible
if it is a fibered category. However, such a fundamental gerbe does not exist in general
as is explained in [4, Theorem 5.7, p. 13]. Moreover, X7 is in general not a nice fibered
category in the cases which we consider in this paper (stratifications, crystals or F-divided
sheaves): it is unclear if X7 admits an fpgc covering from a scheme. So we prefer not
to apply the general theory of fundamental gerbes on X7 but just use it as a parameter
space.

From now on we assume that k has positive characteristic p. If Z is any category over
Aff/k we define the Frobenius pullback

F*: Vect(2) — Vect(2)

applying the pullback of the absolute Frobenius pointwise. The functor F* is IF),-linear,
exact and monoidal.

Definition 5.11. Given i € N we define 7;(X) as the category of tuples (F, G, ) where
F e Vect(X), Ge T(X) and A: F*F — G\x is an isomorphism. A morphism from
(F,G,A) to (F',G', 1) is a pair of morphisms ¢ : F — F' and ¢ : G — G’ which are
compatible with A and A’ in an obvious way. The category 7;(&X) is Fp-linear, monoidal
and rigid. We endow 7;(X) with a k-structure via

k — End7,(x)(Ox, Oxr.ido,), a+— (a, a”i).

Finally we regard 7;(X) as a pseudo-abelian category with the distinguished set of
sequences which are exact pointwise. The forgetful functor 7;(X) — Vect(X) is k-linear,
monoidal and exact.

There is a k-linear, monoidal and exact functor

Ti(X) — Tis1(X), (F, G, 2) —> (F, F*G, F*}).

We define Too(X) as the direct limit of the categories T;(X). The category Too(X) is
k-linear, monoidal and rigid.

Remark 5.12. Given a category fibered in groupoids I' over F, we denote by
Hom(X, X1, i,I') the category of IF-linear 2-commutative diagrams

X%XT

LT

r—" r
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Algebraic and Nori fundamental gerbes 17

where Fr is the absolute Frobenius. Pulling back along f and g one obtains a
functor CI>?: Hom(X, X7,i,I') — Homgr, (Mect(I'), 7;(X)) which is an equivalence
if ' is Tannakian reconstructible. On the other hand using the universal property
of I, in Definition 1.1 and the definition of 7;(X) we see that Ily(x) comes
equipped with a 2-commutative diagram y € Hom(X, X7, i, IT7;(x)) such that 7;(X) —
Vect(T7-(x)) —> Ti(X) is the identity, where J; = @ 7
obtain a functor

(x)- Composing with x we

Homp, (IT7;(x), I') — Hom(X, X7, i, T')
which is an equivalence if I' and 7;(X) are Tannakian reconstructible and recognizable

respectively.

Lemma 5.13. There is a 2-commutative diagram

Ji

[+ [er

Ji
VeCt(l_Iﬁ(X)) — T(X)

where Fr(F,G, 1) = (Fy.F, F}Tg, FYA), F is the absolute Frobenius of Tlr;(x) and J;

is defined in Remark 5.12. Moreover ]-"%— factors as T; (X) z To(X) ﬁ) T (X), where a is
the projection (F, G, A) — G and B is the transition morphism defined in Definition 5.11.

Proof. The commutativity of the first diagram follows from the naturality of Frobenius
pullbacks and the definition of J;. The second claim follows from the formula

S x % I ,id Pk .
(FioF, Fig, Fiony &% (Gly, LG, id). O

Theorem 5.14. Assume axiom A, that L = Lo = HO(OXT) is a field and the following
property:

VF € QCohg,(X), if F*F € Vect(X) then F € Vect(X).
Then for all j € NU{oco} the ring L; = Endﬂ(;()(lfrj()()) is a field, T;(X) is an

L ;-Tannakian category, the functors

Tj(X)

Ti+1(X)

T~ |

Vect(X)

Too (X)

are faithful, monoidal and ezact, TIT,(x) is an affine gerbe over L; and the functor
T;(X) — Vect(X) induces a map X — HTf(X)’ so that X is a category over Loo.
Moreover _

Lo = {x € H(Oy) | 3i € N such that x”' € Lo}
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is purely inseparable over Ly,

EFin(T; (X)) = {(F.G.1) € Ti(X) | G € EFin(To(X))}, EFin(Too(X)) = lim EFin(7; (X))
i
and X — (Il ()L is the pro-local Nori fundamental gerbe of X over L.
If we also assume axiom C then X — Tl (x) is the Nori fundamental gerbe of
X over Lo, so that Rep(H)N(/LOO) ~ EFin(7s0 (X)), where all the notations here are in
Definition B.S.

Proof. Notice that 7(X) = To(X) is Lo-Tannakian and 7 (X) — Vect(X) is faithful

thanks to Proposition 5.7. Let us show that the category 7;(X) is abelian. If

(F,G, 0 ﬂ) (F',G',\) is a map in T;(X), then there is an induced isomorphism

8: F*(Cokera) —> (Coker B)x, which implies that Cokera € Vect(X) and that
(Coker a, Coker 8, 8) € T;(X) is a cokernel. In this situation also kernels can be taken
pointwise so that we obtain a kernel for («, 8). The map T;(X) — Vect(X) is faithful
because if (a, ) is a map as above with a =0, then By =0, which implies 8 =0
because T (X) — Vect(X) is faithful. This implies that all the functors in the statements
are faithful and that Too(X) is an abelian category. In particular for i € N the functor
T (X) — Vect(X) induces an isomorphism

Li={(x.y) | x e HOy). y € Lo, x*' =y} —> {x e H(Oy) | x*' € Ly}.

Notice that H°(Oy) is reduced: if u € HY(Oy) with " =0, then for i large
Fi*((’)X/uOX) ~ Oy /u? Oy ~ Oy, and this implies that (Ox/uOy) € Vect(X) which
is possible only if u = 0. In particular it follows that L; is a field. Moreover Lo, is the
union of the L;, which implies that it is a field and that the description in the statement
holds. By Lemma 5.6 we conclude that the categories 7;(X) and 7o (X) are L;-Tannakian
and Lso-Tannakian respectively.

Let us consider now the equality about essentially finite objects of 7;(X) in the
statement. The projection 7;(X) = To(X) is Z-linear, exact and monoidal. This gives
the inclusion C. For the converse let x = (F, G, A) € T;(X) such that G € EFin(7p(X))
and denote by I' the monodromy gerbe of x, which is an L;-gerbe of finite type such
that Rep(I') = (x) € 7;(X) (see Definition B.8). We have to show that I is finite. Using
Lemma 5.13 and its notation we have a 2-commutative diagram

Rep(I) Ti (X)
- s
Rep(I") Ti(X)

and, moreover, Ffi,-()() is essentially finite. Since Rep(T") is a sub-Tannakian-category
of 7;(X) it follows that F'*x is essentially finite in Rep(I") and, since Rep(I") = (x),
it follows that the ith absolute and therefore relative Frobenius of I" factors through
a finite gerbe. Such a factorization continues to hold if we base change to L;, so
that T xp, L; ~ BG, where G is an affine group of finite type over L; whose relative
Frobenius G — G factors through a finite group scheme. Since the relative Frobenius
is topologically surjective, we conclude that G is a finite group scheme as desired.
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Let us now prove the isomorphism between EFin(75 (X)) and the limit in the statement.
Let x € Too(X) and yx; € 7;(X) mapping to x for some i. If x is finite then clearly yx; will
be finite up to replace i. If x is instead a kernel of a map between finite objects, then
those objects and this map will be image of a map u of finite objects in some 7;(X). The
kernel of u is then a essentially finite objects of 7;(X) mapping to x.

We now consider the claims about Nori gerbes. Let ® be a finite stack over Ly, and
consider the map

Homy  (IT7, (x), ®) —> Homg (X, ).

We have to prove that this is an equivalence if @ is local and an equivalence in general
when axiom C holds. We can moreover assume that Ly = k. Using Lemma 3.3, we can
find a finite extension F/k, a finite stack I over F with an isomorphism ® ~ " xp L.
The above map then becomes

Vr r: Hompg(Il7 (x), ') — Hompg (X, T).

Notice that F/k is a finite purely inseparable extension and thus I'/k is finite. Moreover
if @ is local then I'/k is also local thanks to Remarks 3.7 and 3.8.

Thus if we know that Wr ; and Wgpee (r) k are equivalences we can conclude that Wr g
is an equivalence. This shows that we can assume F' = k. Set also W = Wr .

We are going to use that finite stacks satisfies Tannakian reconstruction by
Corollary 1.7. Moreover the map Homy (X7, I'¢t) —> Homi (X, T'g¢) is an equivalence if
[ is local (that is T'gy = Speck) or in general if axiom C holds. Thus we can assume it is
an equivalence.

W essentially surjective. Let X —% T be a k-map and consider the factorization
I' — gy —> ') of Lemma 3.6. We can extend the map X — I'¢; to X7 obtaining

a 2-commutative diagram
X —— Xr

lo |

I — Tgg — W)

and therefore, by Remark 5.12, a map e: Il7;(x) — I’ inducing a: & — I'. The map
e is automatically k-linear because a is so and 7T;(X) — Vect(X) is faithful.

W fully faithful. We are going to show that a map Il (x) — I factors through a map
I17;(xy —> T. Before doing that we show how to conclude that W is fully faithful. Let
a,B: Iy xy — ' be two maps and é: oy —> Bjx be an isomorphism of functors
X — I'. The uniqueness of an extension is easy, because «, 8 correspond to maps
Vect(l') —> Too(X) and Too(X) —> Vect(X) is faithful. We can assume that both «, 8
factors through Il (x), so that, by Remark 5.12, they correspond to 2-commutative
diagrams

X — &7

mx()mx u<>v

r——
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where u, v are k-linear. By Lemma 3.6 there exists j > i and a factorization | N
th) = I'¢y — 'Y, Replacing i by j we can assume that u, v factor through I'yy —> 'V,
Since Homy (X7, T'¢y) >~ Homy (X, I'g) we can lift the isomorphism 68: oy —> Bjx to an
isomorphism u —> v as required.

It remains to show that a k-linear, monoidal and exact map F: Vect(I') —> Too(X)
factors through some 7;(X). We will use a slight modification of [4, Proposition 3.8]
and its proof. Pick § = Spec K — Il7 (x), where K is a field, an object corresponding
to £: Too(X) — Vect(K) and set R; = § XM, x) S. Given a K-scheme T an object of
Ro(T) is a triple (u,v,y) where u,v: T —> S and y: u*o& —> v* o€ is a monoidal
isomorphism. Similarly, using the functor x = xvect(r) of Proposition A.2, an object of
(l(iglj R;)(T) is a triple (u,v,y) where u,v: T — S and y: x(u*0&) — x(v*0§) is
an isomorphism given by monoidal natural transformations. From this we can deduce
that Roo >~ l(ir_nj R;. Since a map from a scheme to a gerbe is an fpqc covering, the
map Iy (xy —> I' is given by an object z € I'(S) with an identification of the two
projections in I'(Ryo) = li_r)nl_ I'(R;) satisfying the cocycle condition. Here we use that I is
finitely presented. This identification lies in some I'(R;). Up to replace this j, we can also
assume that this identification satisfies the cocycle condition, which yields the desired
factorization. O

Remark 5.15. If X is a reduced category fibered in groupoids over k and F € QCohg, ()
then F*F € Vect(X) implies that F € Vect(X). Indeed let ¢: V — X be a map from a
scheme. We must show that ¢*F is a vector bundle. Since X is reduced, by fpqc descent
we can assume that ¢ factors through a reduced scheme. This allow to assume that X is a
reduced scheme and also that X = Spec R, where R is a local ring, so that F*F is free of
some rank r. Since the Frobenius is an homeomorphism, it follows that for all p € X we
have dimg(,) F ® k(p) = r. Nakayama’s lemma gives a surjective morphism ¢: R" — F.
If v € Kerg, since ¢ is an isomorphism on each minimal prime ideal of R, it follows that
all entries of v are nilpotent and thus v = 0.

Theorem 5.16. Let Z be a Teduced and inflexible category fibered in groupoids over
k and denote by mw: Z — HZ/k the structure morphism. Denote also by C; the

monoidal and additive category of triples (€, V, ) where £ € Vect(2), V € Rep(l'[g/ekt)

and A: F*E — *V is an zsomorphzsm and regard C; as a k-linear category via
k — End(Oz, Ognet, 1), x = (x, xP"). By pulling back along the Frobenius of HZ/k we
Z/k

obtain k-linear monoidal functors C; —> Ciy1. Then the C; are k-Tannakian categories
and there is an equivalence of k-Tannakian categories li_n)ll, Ci >~ Repl'[g/k, where the

structure morphism Repl’lg/k —> Vect(Z) corresponds to the forgetful functor.

Proof. Consider Z2 =X — Xy = Hg’/ékt . It is easy to see that this map satisfies axioms

A,B,C and D and L = HO(OHN,ét) = k. By [4, Proposition 5.4(a)] it follows that k is
Z/k

integrally closed in H%(©%) and the result then follows from Theorem 5.14: we have
k= Lo= Ly, C; = T;(Z) and EFin(7y(X)) = To(X) implies EFin(7so (X)) = Too(X). O
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6. Stratification, crystal and Frobenius divided structures

In this section we apply the result of the previous section to find explicit morphisms
w7 : X — Xg for which the general theory works properly. In the next sections when
we talk about axioms we will always refer to the list of Axioms 5.2.

We start by introducing some geometric notions that will be used in the whole section.

Definition 6.1. A field extension L/k is called separable (respectively separably
generated) up to a finite extension if there exists an intermediate extension k € F C L
such that L/F is finite and F/k is separable (respectively separably generated)
(see [2, 0301]).

For instance any finitely generated field extension of k is separably generated up to a
finite extension.

Remark 6.2. If L/k is a separable extension and E/k is an algebraic and purely
inseparable extension then L ®; E is a field. Indeed Spec (L ®¢ E) —> Spec L is an
homeomorphism and, by [2, 030W], is reduced.

Definition 6.3. Let X be a scheme. A point p € X is called adically separated if the local
ring (Ox, p, mp) is mp-adically separated, that is (), m’}, =0.

Remark 6.4. We introduced this notion instead of considering just Noetherian rings
because, when studying F-divided sheaves, we have to consider Frobenius twists X
of a scheme X, which may be not Noetherian even though X is so. For example, if k is
a field whose absolute Frobenius is not finite and L = k with k-structure given by the
Frobenius k —> L, then L% = L ®; L is not Noetherian. The p-power of any element
in the kernel of the multiplication map §: L ®, L —> L is zero because

p p
<Zai®b,~> => al @bl = 1®<Za{’b{’> = 1®8<Zai®b,~) for all a;, b; € L.
i i i i

In particular L ®; L is a local L-algebra with residue field L. If L ®; L was Noetherian,
then the maximal ideal would be nilpotent and, because the residue field is a finite
extension of L, L ®; L would be a finite L-algebra. Thus L would be a finite extension
of k, contrary to our assumption.

Instead adically separatedness is maintained by Frobenius twists under some mild
hypothesis:

Lemma 6.5. Let (R,m) be an m-adically separated local ming defined over a field k of
positive characteristic and whose residue field is separable up to a finite extension over
k. Then, for alli € N, RY is a local ring separated for the topology of its mazimal ideal
and its residue field is separable up to a finite extension over k.
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Proof. Notice that RV is a local ring because the Frobenius of k is purely inseparable.
Denote by F the residue field of R. By hypothesis there exists k € E C F such that E/k
is separable and F/E is finite. By Remark 6.2 E( is a separable field extension of k.
Since FV/EWM is finite, we see that also the residue field of R(V is obtained as a separable
extension followed by a finite one. In particular we can assume i = 1.

Denote by m; the maximal ideal of RV, It is enough to show that R is m;-adically
separated when m is nilpotent. Indeed if the image of (1), m{ in (R/m'R)M is zero for all

| we have
(\m} < (o' @xk) = (ﬂm’) ®ik =0.
n 1

By [2, 0320] the extension E/k is formally smooth. Thus there is a lifting E C R. In
particular
RO = Rerk ~ Reg EMP.

Since EU0 is a field the relative Frobenius EM®) —s E is injective and, applying R ® —,
we see that also R(WK — RU-E) ig injective. This allows us to reduce the problem to
the case that F/k is a finite extension. In particular F" is Artinian. Thus a power of
m lies in the kernel of RY —s F(_ which is m ®; k. Since this last ideal is nilpotent,
we get that m is nilpotent too. O

Lemma 6.6. Let (R, m) be an m-adically separated ring and M be a finitely generated
R-module. Then M is free if and only if M/m"M 1is a free R/m"-module for all n € N.

Proof. We have to prove <. Lifting a basis of M/mM we can define a surjective
morphism ¢: Rl — M, which will be an isomorphism after tensoring by R/m"R by
hypothesis. So if v € Kerg, it becomes 0 on all the quotients (R/m"R)! and therefore
v e (N),m")! =0 as desired. O

6.1. Stratifications and crystals

Definition 6.7. Let 7: X — Aff/k be a category over Aff/k. We define the big
infinitesimal site Xjn¢/x of X' as the category of pairs (§, j) where § € X and j: 7(§) —
T, where T is an affine k-scheme, is a nilpotent closed immersion. A morphism
E 7E) L T) — ¢, 7¢E) - T') is apair (o, B), where a: € —> & and g: T —> T"
are such that the following diagram is commutative

x@ T

n(a)l lﬁ

N

An object (&, (&) BN T) € Xing/x is called extendable if there exists a map & — 5 in
X such that w(§) — 7w (n) factors through 7(§) — T. If X is a fibered category this
simply means that &: 7(§) — X extends along 7w (§) —> T. We define the big stratified
site AXstr/x of X' as the full subcategory of extendable objects of Xiur/x. We will consider

Downloaded from https:/www.cambridge.org/core. HU Humboldt Universitat Zu Berlin, on 09 Jul 2017 at 18:07:02, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801700024X


http://stacks.math.columbia.edu/tag/0320
https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801700024X
https:/www.cambridge.org/core

Algebraic and Nori fundamental gerbes 23

Xstr/k and Xinf/k as categories over k via the association (&, j : w(§) — T) —> T. Notice
that there is a canonical map X — Xstrjx S Aing/i of categories over Aff/k given by
& +— (§,idye)). If X is a fibered category over k then also Xyt and AXjye are fibered
categories.

Let Y be a fibered category over k. Following notations and definitions from
Definition 5.1 we define the following objects:

o if X — X7 = Xt/ then Ty will be replaced by Stry and an object of Stry(X,Y) =
Homj (Xstr/k, V) will be called a stratified map, while an object of Stri(X) =
Vect(Xstr k) a stratified sheaf on A

o If ¥ — X7 = Aj,g/x then Ty will be replaced by Crys; and an object of Crys; (X, Y) =
Hom{ (Xing/x, V) will be called a crystal map, while an object of Crys; (X') = Vect(Xing/x)
a crystal of sheaves on X.

When k is clear from the context it will be omitted.

If Z is a scheme and X is the category of open subsets of Z then Crys(&X) is, by
construction, the usual category of crystals of sheaves. Although we do not prove it here,
it is possible to show that the restriction Crys(Z) — Crys(&’) is an equivalence. In this
paper we prefer to consider the big site Aff/Z instead of the small Zariski site to extends
the theory to algebraic stacks and fibered categories.

The main result of this section is the following theorem:

Theorem 6.8. Let Z be a category fibered in groupoids over k. Then:
(1) axiom C holds for Z — Zgy and Z —> Zing;

(2) aziom A implies axiom B for Z —> Zgr and Z —> Zipg;

(3) azxioms A and B hold for Z —> Zs; if Z admits an fpgc covering U —> Z where U
is a scheme over kP such that all its nonempty closed subsets contain an adically
separated point (see Definition 6.3); if moreover Z is connected and there exists a
map Spec L —> Z where L/k is a field extension which is separably generated up
to a finite extension (see Definition 6.1) then HO(OZstr/k) = HO(OZ)ét’k,'

(4) axziom A and B holds for Z —> Zi¢ if Z is an algebraic stack locally of finite type
over k; moreover in this case HO(OZinf/k) = HO(OZ)ét’k.

Proof of Theorem 6.8(1). This follows by definition, because a map to something étale
extends uniquely along a nilpotent closed immersion. O

Remark 6.9. If ) is a fibered category there are functors Crys,(X,)), Strx(X,)) —
Hom{ (X, V) and there is a map Crys, (X, ) —> Str (X, Y) over Homj (X, ))). Moreover
if X is defined over a field extension L of k there is a forgetful functor Xinf/; —> Xing/x
maintaining the stratified sites and inducing maps

Crysy (X,Y) — Crys; (X, Y xi L), Strp(X,Y) —> Strp (X, Y x¢ L).

Lemma 6.10. Let i: X — X’ be a nilpotent closed immersion of categories fibered
i groupoids over k and Y be a fibered category over k. Then the restriction
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Crys(X’,Y) —> Crys(X,)) is an equivalence. If i admits a retraction then also
Str(X’,Y) — Str(X, ) is an equivalence.

Proof. We will consider only the stratified case since the crystal one is completely
analogous. There is a restriction functor ¥ : Xsyy — &/, obtained by composing with
i: X — X'. Using the pullback along i we also get a morphism ¢: X} — X
(the extendability condition is preserved). It is easy to define base preserving natural
transformations ¢ oy — id and ¥ o ¢ — id. Since stratified maps sends all arrows to
Cartesian arrows, it follows that Str(X, ))) —> Str(X”, )) obtained by composing with ¢

is a quasi-inverse of the map in the statement. O

Usually stratified sheaves for a scheme are defined using higher diagonals. In the
following proposition we show that our definition is equivalent to the classical one. Let
us recall the definition of higher diagonals.

Definition 6.11. Let S be a base scheme and X be an S-scheme. The nth diagonal of X
over S at level r € N, denoted P§/S(r) is defined as follows: pick an open U C X*s+D
containing the diagonal as a closed subscheme with ideal sheaf 7 and set Py /S(r) =

Spec (Oy /T"*1).

Proposition 6.12. Let X be a k-scheme and Y be a Zariski stack over Aff/k. The category
Str(X, Y) is canonically equivalent to the category SAtr(X, Y) whose objects are tuples
0, on)nen where n € Y(X) and (0,)nen 18 a compatible system of isomorphisms between
the two pullbacks of n to y(P)’;/k) satisfying the cocycle condition on y(P)’;/k(Z)), while
the morphisms are maps in Y(X) compatible with the oy.

Proof. Let F € Str(X, )) be an object and consider the maps

P12
P1

Jn — ps
X —— Py, (@) ¥p]3/\r’ P)r(l/kQX
P2

where p; and p;; are the projections. Since all the maps X — Py / «(r) are nilpotent
closed immersions with a retraction for all n, r € N, by Lemma 6.10 we see that applying
Str(—, )Y) to the above sequence of maps we get a sequence of equivalences. This
easily yields compatible maps oy, : p;F = piF in Str(P;/k, Y) satisfying the cocycle
condition in Str(P)';/k(2), Y). Applying the natural functor Str(—, Y) — Hom(—, )) >~
Y(—) we obtain an object of SAtr(X , V). The association just defined extends to a functor
Str(X, ) — Str(X,)).

A quasi-inverse can be defined as follows. For all x = (U — T) € Xgtr, where U
is an X-scheme, choose an extension g,: T — X. Given (1, 0y)nen € SAtr(X, Y) define
Dx((n, op)nen) = F € Str(X, Y) as follows. For x € Xgtr set F(x) = g;k(n. Given a map

Yix — x over T —%5 T’ we have to specify a Cartesian arrow F () : g; n— g;"(,n over

(8y7:8x)
a. By construction U — T T X x X factors through the diagonal. Since U —> T

is nilpotent, we get a factorization of (g,ra, g,): T LN P)'}/k C X x X for some n € N.

Downloaded from https:/www.cambridge.org/core. HU Humboldt Universitat Zu Berlin, on 09 Jul 2017 at 18:07:02, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801700024X


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801700024X
https:/www.cambridge.org/core

Algebraic and Nori fundamental gerbes 25

The map F(¥) is gyn =~ p*pryn Fron, B* prin =~ oz*g;,n —> g;,n. The compatibility
among the o; tell us that F () does not depend on the choice of n, while the cocycle
condition and a similar argument show that F is indeed a functor.

One can show that the two functors are quasi-inverse of each other. O

Lemma 6.13. Let R be a k-algebra, I be a nilpotent ideal and L/k be a field extension with
a k-map L —> R/I. Then there exists an fpgc covering R —> R’ and an isomorphism
R'JIR ~ R/I ®; LP*"f where LPT is the perfect completion of L.

Proof. A proof is required only if p = chark > 0. We show how to construct the ring
R’ when LPe' is replaced by L'?. A simple induction on N will then give the desired
algebra. By Zorn’s lemma there exists a maximal subset S € L — L? such that

for all finite T € S the map L7 = L[X;l;er/ (X — 1) — L7 is injective.

Moreover it is easy to show that L/? ~limg L. For all € S let 7 € R be a lifting and
set
Rr = R[X,lier /(X' — 1) for T C S finite and R’ = li;n RT.

It is now easy to prove that R’/IR' ~ R/I ®; LY/? as required. O

Proof of Theorem 6.8(2). Let C = Str(Z) or C = Crys(Z), By Lemma 5.4 the category
C is abelian, thus one has to show that if 7 € C and F|z = 0 then F = 0. This follows
because if j: U —> T is a nilpotent closed immersion and & € Vect(T) is such that
j*€ =0 then £ = 0. O

Proof of Theorem 6.8(3), first sentence. Let JF € Str(Z, QCohy,). Since the objects of
Zstr are extendable by definition, it is enough to show that F|z € QCohg,(Z) is locally
free in oder to conclude that F € Str(Z). Using the existence of an atlas as in the
statement, fpqc descent and Lemma 6.6 we can reduce the problem to the case Z =
Spec R, where (R, m) is a local ring defined over kPerf and with m nilpotent. Using the
restriction Stry (Z) — Strypert(Z) we can also assume k-perfect. By Lemma 6.13 applied
when I the maximal ideal of R and L is its residue field we can assume that L is perfect.
Since an extension of perfect fields is formally smooth (see [2, 031U]), we can assume that
the nilpotent closed immersion Spec L —> Spec R has a retraction o : Spec R —> Spec L.
Thanks to Lemma 6.10, there exists G € Str(Spec L, QCohg,) restricting to F along the
retraction o. In particular

F(idg, Spec R i) Spec R) ~ G(o, Spec R i) Spec R) ~ o*G(id, Spec L i Spec L)
is free as required. O
Example 6.14. If we do not assume that the scheme U in Theorem 6.8(2) is defined over
kPerf then the conclusion is false, even if U is the spectrum of an Artinian ring. Consider

k=F,(2), L= kPerf and A = L[x]/(x%). We regard A as a k-algebra via the morphism
A:k —> A mapping z to z —x. We are going to construct an object F € Strx(A, QCohyg,)

which is not a vector bundle. Write x = z — A(z) and let y, € L such that y,‘fn =z. IfJ
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is the ideal of the diagonal in A ®; A we have
x®l—1®x=z01-1®z=,®1—-1®y)" € J.

By Proposition 6.12 we can conclude that A S Aisa map in Stry(A), where A is the
trivial object. Since in Strg (A, QCoh) we can take cokernels pointwise, we can conclude
that A/x has a stratification, even though is not locally free.

This also show that Stry(A) — Stry(L) is not an equivalence even though Spec L —
Spec A is a nilpotent closed immersion. To see this we prove that Stry(L) >~ Vect(L).
Indeed for I € N let J; = Ker(L® L5 L). If x € J;, since L& is perfect, there exists
y € L®! such that y?” = x. Since u;(x) = ui(y)? we see that y € Jj, so that le =J.
Thus all higher diagonals of Spec L over k are trivial, which implies the result.

Lemma 6.15. If V is an affine scheme over k and x € Vint there exists x' = (idy, V —
T') € Vins and a map x —> x'. If V is of finite type over k we can furthermore assume
that T’ is of finite type too.

Proof. Set V = Spec A, and consider a ring B with a nilpotent ideal I and amap ¢: A —>
B/I.Set wm: B —> B/I the projection and write A = k[x]/J, where x = (x;)ses is a set of
variables. For all s € § choose by € B such that w(bs) = ¢ (xs) and denote ¥ : k[x] — B
the map such that ¥ (xs) = bs. Since ¥ (J) € I and [ is nilpotent, there exists n € N such
that J" C Ker(). We can therefore choose T’ = Spec (k[x]/J"). If V is of finite type then
S can be chosen finite and therefore also the last claim holds. O

Proof of Theorem 6.8(4), first sentence. Let F € Crys(Z, QCohg,) and (§,V —]> T) e
Zint. We must show that F (&, j) € QCohy,(T) is locally free. Let U —> Z be a smooth
atlas. There are Cartesian diagrams

7 —7T

Vv —Vy ——V

U——Z2
where the map T’ — T is étale and surjective. The above diagram is obtained using
that the smooth surjective map Vy — V has sections in the étale topology and that
the étale map V' —> V always extends along a nilpotent closed immersion by [1, Exposé
VIII, Theorem 1.1]. By descent we can assume Z = U and, since the problem is Zariski
local, that U is affine. By Lemma 6.15 we can further assume that V = U, § =id and

that T is of finite type over k. Using Lemma 6.10, there exists G € Crys(T) restricting to
our F € Crys(U). In particular

Flidy, U -5 1)~ 6(,U L T) = G6dr, T 25 7) = Gr)idr, T -5 7).

This sheaf is locally free because T x;kP®™ — T is an fpqc atlas, T xi kP! is
Noetherian and therefore, by Theorem 6.8(2), Gir,,, € Str(T). O
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Example 6.16. Let k=F,(z) and L = kPerf We are going to construct a F e
Crysy (L, QCohg,) such that F ¢ Crys;(L). More precisely we construct a nonzero
a: Ospee e — O(Spec L)y, Which is 0 in Strg(L) = Vect(L) (see Example 6.14) and
show that F = Coker(a) (pointwise) satisfies the requirements. In particular if follows
that Crys, (L) — Strx(L) is not faithful. Let x € (Spec L)inf given by a map L — B/I,
where B is a k-algebra and I a nilpotent ideal. Using the Frobenius it is easy to show that
there exists a unique F ,-linear map ¢, : L —> B lifting the given k-map L — B/I. The
map a we are looking for is given by a(x) = ¢, (z) —z. We have a(id,idr) = 0 so that
a = 0 in Stri(L). Consider B = L[x]/(xz) with the k-structure A: k — B, A(z) = 7z — x,
I = (x). If x € (Spec L)inf is the corresponding object, by construction a(x) = x # 0 in
B and therefore F(x) = B/x which is not locally free.

Lemma 6.17. Let K be a purely transcendental field extension over a field k of positive
characteristic and L/K be a finite separable extension. Then the intersection of all fields
E such that LYO € E C L and L/E is finite coincides with the image of the relative
Frobenius LY —s L.

Proof. Notice that L® is a field by Remark 6.2 because L/k is separable. In particular
we will identify L@ with its image under the relative Frobenius. Let {zs}ses be a
transcendental basis of K/k and let @ € L such that L = K(«). Given T C S set

Kr=k(zg | s¢T, z{ |seT)C K =k(zy)ses.

We have that L® = Kg(@?') € Kr(?") and that L is finite over KT(a”l)vif T is finite.
Since K/K7 is purely inseparable and ol is separable over K7, Kt [oc”l]@KT K is a
field. It follows that, for all T, the surjective map KT[ap'](X)KT K — K[aP'] is an
isomorphism. Thus we have the equality

no=[Kr@”): Kr]=[K@"): K]

Let B € K7 (a?") for all T finite. Then B can be written uniquely as a linear combination
of 1,aP .-+, a®~DP' with coefficients in K7. Since g € K7 (a?") for all T finite it follows
that the coefficients of the linear combination lie in the intersection of all K7 for T finite.
This intersection is K, so that 8 € Kg(a?') = L®. O

Lemma 6.18. Let S be a base scheme and f:Y —> X be an étale map of S-schemes.
Then the following commutative diagrams are Cartesian for alli =1, 2.

I
Y)s — Pyss

I ]

Yy ———X

Here the p;’s are the projections, while f, is the map induced by fx f: Y xgY —
X x5 X.
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Proof. We have Cartesian diagrams

o

Z;

)l(f | _)j(f

pi
P)’f/s

Notice that Z; is a subscheme of Y xg X, while Z, is a subscheme of X xgY. Since
X — P)’;/S is a nilpotent closed immersion and the maps Z; — P)'}/S are étale, by
[1, Exposé VIII, Théoréme 1.1], there exists an isomorphism A: Z; —> Zp over P§/S
and such that Aoa; = ay: Y —> Z. The first projection Pl’}/s —> Y induces a map

a . . . . . .
Py s Z1. We must show this map is an isomorphism. We have a commutative diagram
A./

P)','/S ‘ Z b YXSY%XXSYLY

|- ~ | J |1

v YxsX —— XxsX —2  x
f

. . . L. A
where the square diagrams are Cartesian, the map A’ is the composition Z| — Z; —
X x5Y and the map b is induced by the universal property of the fibered product.
Notice that b is a monomorphism because A’ is a monomorphism. The equality Ao =

oy Y —> Z, implies that ¥ — Z; LN Y xg7Y is the diagonal. Since Y — Z; is, by
construction, a nilpotent closed immersion whose sheaf of ideal to the power n vanishes, it

., - b
follows that b factors through Py /s Thus it is enough to show that Py /s L7y 5 Y xg
Y is the inclusion. By construction p; = pj o (ba) and we must prove that p, = ps o (ba).
By the commutativity of diagram above we obtain a map

s b
whose composition along ¥ —> Py /s s the diagonal. Since ¥ — X is étale, it follows
that the diagonal is an open immersion. Since ¥ —> Pl’}/s is an homeomorphism, it
follows that y factors through the diagonal, that is py = py o (ba) as required. O

Proposition 6.19. Let L/k be a field extension separably generated up to a finite extension.
Then Endsg, (1)(1) = Lég k-

Proof. Applying Proposition 5.7 we can conclude that Endsy,(z)(1) is a subfield of L.
If E/k is a separable and finite field extension then (Spec E)su/x = (Spec E)su/e and
therefore Stry(E) = Vect(E). By functoriality this implies Lgx © Endge,z)(1). So we
concentrate on the other inclusion. We first deal with a particular case.

The case L/k finite and purely inseparable when chark > 0. We have to prove that
Endsyy, (1)(1) = k. Set A = L @4 k, which is a local and finite k-algebra with residue field
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k. Since the maximal ideal of A is nilpotent, by Lemma, 6.10 we see that EndStrE(A)(l) =k.
Using the functor Stry (L) —> Strz(A) we can conclude that Endgy,(z)(1) is contained in
the intersection of L and k inside A = L ®; k, which coincides with k.

Coming back to the general statement, we proceed by making some reductions.
Consider K € F C L where K is purely transcendental, F/K is algebraic and separable
and L/F is finite and purely inseparable. In what follows we will use Remark 6.2 several
times.

Reduction to the perfect case when chark > 0. Let kP! be the perfect closure of k and
assume to know that the statement of the theorem holds for perfect fields. Consider the
map

Sty (L) —> Strypert (L @ kPT).

The ring L ®; kP is a finite extension of the field F ®; kP and therefore it is a
local kPe_algebra with a nilpotent maximal ideal. In particular, by Lemma 6.10 and
by [2, 0321], Strypert (L ® kP = Strypers(E), where E is the residue field of L ®; kP,
Moreover (L ®x kperf)ét’ gperf = Egi ppert. We can therefore conclude that Endgey, (2 (1) lies
in the intersection of L and (L ®; kperf)ét’kperf inside L ®; kP°™. This intersection is Lgg x
because, using Lemma 2.7, we have

L ®Lét’k (L ®x kperf)ét’kperf ~ L ®Lét.k (Lét,k Qk kperf) ~ L Q kperf.

Reduction to the separably generated case when chark > 0. Assume to know that the
statement of the theorem holds for separably generated field extensions. The ring LK)
is a finite and local algebra over the field F-K). Moreover its residue field E; is contained
in K(L""). Since L/F is finite and purely inseparable we can choose i such that E; C F.
There are functors

Stry (L) —> Strx (L%%)) — Stri(F)

which implies that Endsy,z)(1) lies in Fg;g. Notice that here, to be precise, the
k-structure of F is the one given by k —> k —> F, where the first map is the ith power of
the Frobenius. Since k is perfect, F, with this new structure, is still a separably generated
extension of k.

Reduction to the case L/K finite. Let B € Endsy,)(1). We claim that B e

Endsu (x 8)) (1)-
Given a field extension Q/k and denote by Jo € O ® O the ideal of the diagonal.
Recall that by Proposition 6.12 we have that Endg, (0)(1) is the intersection of all

d®1-1Qid

On = Ker(Q ——— (0 Q« 9)/Jp).

It is enough to prove that, if Q/F is an algebraic and separable extension, then the map

v (E®@E)/Jf — Q@ )/}

is injective for all n. Since the ideal Jg is generated by elements of the form ¢ ® 1 —1®g¢q
for g € Q, it is easy to show that the functor Q — (Q ®x Q)/Jé commutes with filtered
direct limits. In particular, for the injectivity of y, one can assume that Q/FE is finite. In
this case the result follows from Lemma 6.18.
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We can therefore assume that L/K is a finite and separable extension.

Computation via relative Frobenius when chark > 0. We show that
Endgtrk(L)(l) = ﬂL(j). (1)
J
Here we are identifying LY with the image of the relative Frobenius ¢ Lt L) — L.
O By Proposition 6.12 we have that Endgy, (z)(1) is the intersection of all

id®1-1®id
L, = Ker(L ————

where J is the ideal of the diagonal. Since
¢,~,L<qu ®)»q> ®1— 1®¢‘/,L<ZZ(] ®/\q) = @l —1@z)" e s
q q q

we get Im¢; 1 © L,; for all j.

CIfk C E C L is an intermediate field extension with L/FE finite and purely inseparable
then Endgi,(1)(1) = E. Using the functor Stry (L) — Strg(L) we see that Ends, (1)(1) €
E. By Lemma 6.17 we can conclude that Endsy, (1)(1) € LY for all jeN.

(L& L)/J")

Conclusion. Let x € Endgy, 1)(1). We are going to show that x € L is algebraic over k.
Since L/k is separably generated, this will imply x € L ;. Write K = k(z5)ses-

Assume by contradiction that x is transcendental and let f(X)= X"4+a; X" '+
-+++a, be the minimal polynomial of x over K. If chark > 0 we make the following
simplification. Since k is perfect, an element a of K lies in € K if and only if there
exists b € K such that b”" = a. This implies that Men K = k. Since f(X) ¢ k[X], there
exists a maximum r € N such that f(X) € K®[X]. On the other hand x € Endgy, (1)(1) =
Endgy, (Lo (1) by (1), L /K ") is finite and separable, K" is purely transcendental and
f(X) is also the minimal polynomial of x over K. Thus if chark > 0 we can further
assume that f(X) ¢ KD[X], that is r = 0.

Since x € Endgy,(1)(1) and thanks to Proposition 6.12, we have 0 =d(x) =x®1 —
1®x e I/I2 >~ Qp/x where [ is the ideal of the diagonal in L ®; L. Thus 0 =d(f(x)) =
d(a))x" ' +..-4+d(a,). Since L/K is finite and separable, {d(zs)}ses is a free basis of
Qr/k. Since f is the minimal polynomial we can conclude that da;/dz; = 0 for all i and
s. If char k = 0 this implies f(X) € k[X] contradicting the assumption. If char k > 0 this
tells us that f(X) € K(l)[X]7 which is again a contradiction. O

Proof of Theorem 6.8(3), second sentence. Since axioms A and B holds and Z is
connected, by Proposition 5.7 we know that HO((’)ZM) = F CHYO3z) is a field. By
pulling back via Spec L — Z we get a map F — HO(O(SPeC Lystr) = Endsirr/1)(1) =
L¢t x, where we have used Proposition 6.19. So F C HO(OZ)ét’k. The other inclusion
follows pulling back along Z — Spec HO(OZ)ét’k and using again Proposition 6.19. [
Proof of Theorem 6.8(4), second sentence. We can assume Z connected and set
F:=H%0gz,,) < H(Oz).
Using the map Crys(Z) — Str(Z) we can conclude that F C HO(OZ)ét. The other

inclusion follows pulling back along Z — Spec HO(O 2)ét.k: If Q/k is a separable and
finite field extension then (Spec Q)inf/x = (Spec Q)ing/ o so that Crys(Q/k) = Vect(Q). O
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6.2. F-divided structures

In this section we fix a base field & with positive characteristic p.

Definition 6.20. Let Z be a category fibered in groupoids over k. The chain of relative

Frobenius of Z
Zz—zlh _, z@h __, .

defines a direct system of fibered categories over k indexed by N and we will denote by
Z(°:0) jts limit, which is a category fibered in groupoids over k (see Proposition A.4). Let
Y be a fibered category over k. Following notations and definitions from Definition 5.1
we define the following objects: if X = Z, X7 = 2k and the map X — X1 is
the one induced by the limit, then 7y will be replaced by Fdivy and an object of
Fdivi (Z,)) =H0m2(Z(°°'k),y) will be called an F-divided map, while an object of
Fdivi(Z) = Vect(2%)) an F-divided sheaf. When k is clear from the context it will
be omitted.

Using Remark A.3 and Proposition A.4 we have a more concrete description, which
will be the one used in this paper.

Proposition 6.21. Let Y be a fibered category and Z be a category fibered in groupoids
over k. Then Fdiv(Z,)) is equivalent to the category of objects (Qn,0u)n>0 where
Qn: ZW — Y is a k-map and on: QuiioR, —> Qn are isomorphisms, where
R,: ZM — ZU+D s the relative Frobenius. Under this equivalence the functor
Fdiv(Z,Y) — Hom(Z, ) is given by (Qn, 0n)n>0 —> Qo.

Remark 6.22. If k is perfect there is a even more concrete description of F-divided
sheaves: Fdiv(Z) is the category of tuples (Qn, 0n)n>0 where Q, is a vector bundle over Z
and oy, : F} On+1 —> Qp is an isomorphism. This is because the projections zm ., =z
are equivalences

The main result of this section is the following Theorem:

Theorem 6.23. Let Z be a category fibered in groupoids over k. Then:

(1) if Z is connected then aziom A implies axioms B, C and D for Z — Z©) and
that Tggiv(z) is a pro-smooth banded gerbe (see Definition B.11);

(2) azioms A and B holds for Z — Z© if Z admits an fpqc covering U — Z from
a scheme U such that all its nonempty closed subsets contains an adically separated
point g (see Definition 6.3) with k(q)/k separable up to a finite extension (see
Definition 6.1); if moreover Z is connected and there exists a map Spec L — Z

where L/k is a field extension which is separably generated up to a finite extension
(see Definition 6.1) then HY(O z) = HO(OZ)ét’k.

Lemma 6.24. Let f : Z —> Z’ be a nilpotent closed immersion. Then the induced functor
Z(0) 5 2/ s an equivalence. In particular for any fiber category Y the restriction
Fdiv(Z,)) — Fdiv(Z',)) is an equivalence.
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Proof. Let N € N such that the Nth power of the ideals defining Z — Z’ are all
0. For a given i € N set X = 29 and X' = Z'®. In particular this N works also
for the nilpotent closed immersion X — A”. Let ip € N with p© > N. Notice that
FY: X' — X' factors through X € X’. This yield a k-map X’ —> X0 making the
following diagram commutative

X X Go)
X/ / X/(i())

Thus we get k-maps Z'® —s Z(+0) with the above property. This yields a k-map
2/ 5 Z(9) which is easily seen to be a quasi-inverse of Z(°® — Z/(%9), O

Corollary 6.25. Let Z be a category fibered in groupoids. Then there exists a natural
k-functor ¥ : Zing —> Z©) making the following diagram commutative

/\

Zinf *’ Z(0)

In particular if Y is a fibered category we obtain a restriction functor Fdiv(Z,Y) —
Crys(Z,)).

Proof. Given (£, U — T) € Z;,t we obtain an arrow

7 7 U o) £ S0

In a similar way an arrow in Zi,¢ can be mapped to an arrow in 2. O

Lemma 6.26. If Z is a category fibered in groupoids then, for Z — Z©) aziom A
implies axiom B.

Proof. By Lemma 5.4 the category Fdiv(Z) is abelian, thus one has to show that if

= (Fy,0,) € Fdiv(Z2) and Fp =0 then F =0. If C is an F-algebra and &: Spec (C)
— Z™ a map, there exists n: Spec (C) —> Z, namely the composition Spec (C) —>
ZW 5 Z and a factorization of & as Spec(C) — V = Z™ x z SpecC — ZM . If
C has the k-structure induced by n: Spec C — Z, then V = (Spec C)™, so that the
pullback of (F,)|v along the relative Frobenius of C coincides with n*Fy = 0 on SpecC.
Since the relative Frobenius for affine schemes is a homeomorphism, we can conclude
that (Fp)v =0, so that £*F, = 0. O]
Proof of Theorem 6.23(2), first sentence. Let (&, onlnen € Fdiv(Z, QCohyy)  and
U —> Z be the atlas of the statement. We have to show that all & are locally free. Since
all U — Z® are fpqc coverings we can assume Z = U. Moreover, since the relative
Frobenius is a homeomorphism, we can moreover assume Z = Spec R, where (R, m) is
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a local ring which is m-adically separated and whose residue field L is separable up to
a finite extension over k. As for each i € N, (&,, 0,),> is in Fdiv(Spec (RYD, QCohfp)
and R® is again adically separated with respect to its maximal ideal and has a residue
field separable up to a finite extension over k by Lemma 6.5, we see that we can always
replace R by RY) and, using Lemma 6.6, that we can assume m nilpotent. Since L/k is
separable up to a finite extension, we have a decomposition k C E C L, where E/k is
separable and L/E is finite. It follows that, for i > 0, R® has separable residue field.
On the other hand (R/m)® = L® is finite over the field E¥), so it is Artinian and
therefore the maximal ideal of R® is nilpotent. Thus we can assume L/k separable.
By Lemma 6.24 applied on the nilpotent closed immersion Spec L —> Spec R we obtain
(Spec L) ~ (Spec R)(*. Thus we may assume R = L a field. Since L/k is separable
all L® are fields by Remark 6.2. Thus all &, are vector spaces and thus locally free. [

Example 6.27. Without the hypothesis on the residue fields in Theorem 6.23 the
conclusion is false. Indeed if k = F,(z) and L = kPert then Fdive (L) # Fdivi (L, QCohgy).
Let ¢;: L(i"’l) — L@ the relative Frobenius, that is ¢;(a ® A) = a? ® A, and consider
X = P R1—1®ze LD, A direct computation shows that ¢;(x;+1) = x; and xg = 0.
The collection x = (x;);en defines a morphism O(gpec )00 —> Ogpec 1)) - Its cokernel is
not in Fdivg (L) because xo = 0 but x; # 0.

Proof of Theorem 6.23(2), second sentence. Since axioms A and B holds and Z is
connected, by Proposition 5.7 we know that HO(OZ(OQ)) =F CcHYOz) is a field.
The inclusion HO(OZ)ét’k C F follows pulling back along Z — Spec HO(OZ)ét’kZ if
Q/k is a separable and finite extension of k then Spec Q = (Spec Q) so that
Fdivg (Q) = Vect(Q). For the other inclusion, pulling back via Spec L —> Z we get a
map F — HO(O(SpecL)(oo)) = Endgdiv,()(1) = L’. Using the map Fdivg(L) —> Strg(L)
and Theorem 6.8(2) we see that L' C L¢; x as desired. O

Proof of Theorem 6.23(1), A — C. By Proposition 5.7 and Lemma 6.26 L =
o z(0) is a field. In what follows we will use the following notation. If W is a category
fibered in groupoids over L we will use W@ for WK for i € NU{oo} and denote by

Wi, Ly, for i € N, the fibered category W with L-structure W —EVL wh Spec L, where
Fyy is the absolute Frobenius, 7 is the structure map.

We need to show that the pullback functor Homy(Z© I') — Homy(Z,T) is an
equivalence for a finite and étale stack I' over L. By Remark A.3 it is enough to
prove that ¢Eki,Z) :Homy (Z®,T') — Homy (Z,T) is an equivalence for all i, where Z® is
equipped with the L-structure via Z( and ¢, z) is the relative Frobenius. Denote by
¢: 29 — Z the projection and consider the following 2-commutative diagram.

i,2) . 4
)iy ——— Dy ———— Z
lFiz JF;«)
ED)ar - z o z()
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We have @o¢ z :Fé, dizyo00 = Fém, and that the morphisms in the above
diagram are L-linear. The result then follows upon applying Homy(—,T") to the
diagram, provided that the following is true: if W is a category fibered in groupoids

over L then Hom; (W, T) FW—°> Hom; W 1), T") is an equivalence. By construction
Hom; W 1), ') >~ Hom; (W, ['@L)y and a direct check shows that F{/V o — corresponds
to the composition along the relative Frobenius I' — I'>L) which is an equivalence
because T is étale over L. O

Proof of Theorem 6.23(1), A =— D and last sentence. For quotient gerbes, please refer
to Definition B.1. By Proposition 5.7 and Lemma 6.26 we have that L = HO(OZ(:x;,k))
is a field and ITggy(z) an L-gerbe. We must prove that, if ' is a quotient L-gerbe of
IEgiv(z) of finite type, then I' is smooth banded. We have an L-map ¢: Z(.K) __ T guch
that ¢*: RepI’ —> Fdiv(Z2) is fully faithful. Set Z = Z x;kand T =T x; k 5 T. Since

—(i.k i - . " e —(00,k -
FARESE (G0 X k, using the definition of limit it is easy to see that Z00 L zeoh X k.

Denote by ¢: Z0 LT the base change of ¢. We claim that
3*: Vect(T) —> VectZ ™) = Fdivp(Z)
is fully faithful. Let V, W e Vect(T). Since ¢* is faithful, it is enough to prove that
Homr (7, V, 7+W) —> Hom Z(0ok) (P, V, ¥ W)

is bijective. The pushforward 7.V can be written as a direct sum of vector bundles on
I". Indeed let k’/k be a finite extension for which there exists V' € Vect(I' x; k') inducing

V and consider T — T xy k’ LN I'. We have that 7,V = B.(V’ @ k), which is a direct
sum of copies of B4V’, and B,V’ is a vector bundle because it is a coherent sheaf on T,
which is an L-gerbe. Writing 7,V = @, V; and m. W = @j W; and using that ¢* is fully
faithful on vector bundles, the proof of the bijectivity of the above map translates into the
following statement: given a collection of maps A; ;: V; — W; for all i, j such that ¢*A; ;
induces a map p: €p; ¢*V; — @; ¢*W;, then it also induces a map B, Vi — P; W;.
If &£: Spec B —> 2K is any object, since £*u is defined and Spec B is quasi-compact,

we can conclude that for all i the set {j | £*¢*A; ; # 0} is finite. Since Spec B LN I is
faithfully flat, the same holds over I' and therefore the map @, Vi — @ W is well
defined. _

As k is perfect, the absolute Frobenius of Zh is also an equivalence. By the discussion
above, we conclude that F*: Vect(T') —> Vect(T) is fully faithful, where F is the absolute
Frobenius of T'. We show that u: OF — F,Of is surjective. For all V € Vect(T') we have
a bijection

Homp(V, Op) — Homp(F*V, F*Op) ~ Homp(V, F.Or)
which is induced by u. By [6, Corollary 3.9, p. 132] and Lemma 1.6 the sheaf F,Of is a
quotient of a direct sum of vector bundles. This easily implies that u is surjective.

Recall that if X is a category fibered in groupoids over a scheme S and we set XI5 for
the base change of ¥ — § along the absolute Frobenius of S, then the absolute Frobenius
factors as X — X1 — X, Moreover if T —> S is a map and we apply — x5 7T to
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the map X — X5 we get X xg T — (X x5 T)T). The stack T = I" xy k is a stack

over S = Spec (L ®; k). Thus the absolute Frobenius of T factors as T = F(I’S) —ﬂ> T.

Since g is affine and O — ﬂ*OF(l,S) —> B+, O = F,OF is surjective, we can conclude

that OF(I,S) —> a,OF is surjective. Since o is the base change of T’ —6> r.L along the
flat map § — Spec L, it also follow that Opa.y — 6,Or is surjective. In particular
8+Or 1is of finite type and thus locally free, which implies that Opa,.y) — 6+Or is an
isomorphism. Using Proposition B.2(1) and Remark B.7 it follows that I' — T':5) is a
quotient. We claim that this implies that I' is smooth banded. For this we can assume
L = k algebraically closed and I = B G, for an affine group scheme G of finite type over
k. The relative Frobenius is a quotient means that G — G is faithfully flat, which
implies that G is reduced and thus smooth. O

Remark 6.28. If k is perfect and Z is any category fibered in groupoids over k such
that Fdiv(Z) is a k-Tannakian category then the relative Frobenius of Ilggy(z) is an
equivalence and this implies that ITggy(z) is pro-smooth banded.

Indeed we have commutative diagrams

200 — . Mgz Vect(Mggiv(z)) —— Fdiv(Z)
l Fz(c0) l Flipgiy(z) l Fllediv(Z) l F;(OO)
2(00) MEgivz) Vect(Mrgiv(z)) —— Fdiv(Z)

The absolute Frobenius of Z( is the limit of the absolute Frobenius of the Z). Using
the description in Remark 6.22 we can interpret F ;(m): Fdiv(Z) — Fdiv(Z) as a shift
and thus conclude that it is an equivalence. Since ITggiy(z) is a k-gerbe, it follows that its
absolute and relative Frobenius are equivalences. This implies that ITgg;y(z) is pro-smooth
banded. Indeed if I' is a quotient of finite type of Ilggiy(z), its relative Frobenius I' —
I'D is a quotient. It follows that I' is smooth banded arguing as in the end of the above
proof.

If k is not perfect we do not have the description of Remark 6.22 and it is unclear
whether the relative Frobenius of ITggiy(z) is an equivalence or not. When k is algebraically
closed and Z is a connected, locally Noetherian and regular scheme the above argument

has already been used by dos Santos in [12, Theorem 11].

7. The local quotient of the Nori fundamental gerbe

Let k& be a field of characteristic p > 0, X be a category fibered in groupoids over k
and denote by F: X — & the absolute Frobenius. For i € N denote by D; the category
of triples (F, V,A) where F € Vect(X), V € Vect(k) and A: V®; Oy —> F*F is an
isomorphism. The category D; is monoidal, rigid and k-linear via k — Endp, (Ox, k, id),

i . .
x —> (x,xP). Moreover the association

Di — Dij+1, (F, V,)»)l—)(f,F;V, F*)\.)
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where Fj is the absolute Frobenius of &, is k-linear and monoidal. We can therefore define

Doo zl’g)nDi.
ieN

Theorem 7.1. Let X be a reduced category fibered in groupoids over k. Then X admits
a Nori local fundamental gerbe over k if and only if H*(Ox) does not contain nontrivial
purely inseparable field extensions of k. In this case Doo 1s a k-Tannakian category and
the map X —> Tlp_, induced by the forgetful functor Do —> Vect(X), is the pro-local
Nori fundamental gerbe of X.

IfHO((’)X) =k then Rep(l'[%’},‘c) —> Vect(X) is an equivalence onto the full subcategory

of Vect(X) of sheaves F such that Ff;}' is free for some i € N.

Proof. The only if part in the first claim is very similar to the proof in Proposition 4.3,
taking into account that a finite and purely inseparable field extension is a finite and
local stack. For the if part it is enough to show the remaining claims in the statement.
We apply Theorem 5.14 on the map X — &7 = Spec k, which satisfies axiom A and
L= HO((’)XT) =k is a field. We have T;(X) = D; for all i € NU{oo} and that X —
(Ilp,, )1, is the local Nori fundamental gerbe of X'/L. Since Lo =k and Lo C L; are
purely inseparable inside H%(Oy) we also have L; = k for all i € NU {oo}. Thus it remains
to show Ilp_, is pro-local. Thanks to Lemma 5.13, for any V € Do = Vect(Ilp, ) there
exists an index i € N such that Fp LV is free, where Frip,, is the absolute Frobenius of
[p_ , and by Theorem 5.14 plus the fact that 7 (X) = Vect(k) is made of finite objects,
V is essentially finite. Let I' be the monodromy gerbe of V € Dy (see Definition B.8).
Then the absolute Frobenius Fli factors as ' = Spec (k) — T", where 7 is the structure
map of I'/k. This implies immediately that I" is local.

In the last claim we have to show that Do, —> Vect(X) is full. Actually one can easily
check that D; — Vect(X) is fully faithful for all i € N. O

Remark 7.2. In [7] Esnault and Hogadi did not go into the study of the local quotient of
Nori’s fundamental group. However, using their main theorem it is easily seen (under their
assumptions) that the finite representations of the local quotient of Nori’s fundamental
group is the full Tannakian subcategory of Do, consisting of the essentially finite objects.
Now our Theorem 7.1 grantees that any object in Dy, is essentially finite.

Acknowledgements. We would like to thank B. Bhatt, H. Esnault, M. Olsson, M.
Romagny and A. Vistoli for helpful conversations and suggestions received. We would
also like to thank the referee for pointing out a mistake in an earlier version of this paper.

Appendix A. Limit of categories and fibered categories

Definition A.1. Let I be a filtered category. A directed system of categories indexed by I is
a pseudo-functor Dy: I —> (Cat) [15, Definition 3.10]. Concretely this is the assignment
of data (D;, Dy, Aa,p, Ai): categories D; for all i € I, functors Dy: D; —> D; for all

i — Jj in I and natural isomorphisms Ay g: Dg o Dy —> Dg, for all composable arrows
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i —> j —ﬂ—> k and A;: Dijg; —> idp, for all i € 1. This data is subject to compatibility
conditions (see [15, Definition 3.10]).

We define the limit of Dy, written lim;c; D; or Dy, in the following way. The category
Doo has pairs (i, x), where i € I and x € D;, as objects. Given (i, x), (j, ¥) € D the set

Homop_ ((i, x), (j, y)) is the limit on the category of pairs (i = k,j —ﬁ—> k) (which is a
filtered category) of the sets Homp, (Dy(x), Dg(y)). Composition is defined in the obvious

way. For all i € I there are functors F;: D; —> Dy, F;j(x) = (i, x) and, for all i = jin
I, there are canonical isomorphisms pq: FjoDy —> Fj.

Given a category C we define the category CP in the following way. The objects are
collections (H;, 8"‘)i,i—a—>j where: H;: D; —> C are functors for alli € I, 641 Hj o Dy —>

H; are natural isomorphisms for all arrows i = j in I. This data is subject to the
following compatibilities. For all i € I we have &4, = H; oA;: H; o Diq; — H;. For all

composable arrows i LN j —ﬂ> k the following diagram commutes

3pa
Hi 0 Dga H;

Hiohgp I S T
80Dy

HyoDgoDy ———— HjoD,

The arrows in CP are the obvious ones.
Given a functor G: C —> C’ one can easily define a functor GP: CP? —s ¢€'P. Moreover
the data (F;, ue) defined above is an object of Dg. In particular we obtain a functor

xc: Hom(Dao, C) —> CP,  (Doo -5 €) — GP(F, 1)

Proposition A.2. The functor xc in Definition A.1 is an isomorphism of categories.

Proof. Let us define a functor ¢: CP? — Hom(Dwo, C). Given a = (H;, 8,) € CP defines
t(a): Doo —> C as follows. For (i, x) € Dy set t(a)(i, x) = H;(x). For ¢: (i,x) — (J,y)

in Dy choose i —f> k, j %5 k such that ¢ is induced by the arrow v: Ds(x) —> Dg(y)
in Dg. Set t(a)(¢) as the only dashed arrow making the following diagram commutative

H
HioDy(x) &» Hy o Dg(y)

o -

Hi(x) ===~ > Hj(y)

A direct check shows that this arrows does not depend on the choices of f, g,v. In
particular t(a) is easily seen to be a functor Do, —> C. The action of ¢ on arrows is the
obvious one: the required compatibilities follows from the compatibilities of arrows in
CP. In conclusion one get a functor ¢: CP — Hom(Dq, C). The equality yc ot =1id can
be checked directly.

For the converse let G: Doy —> C be a functor. We have xc(G) = (GoF;, Gogy)
and set G =1(xc(G)). We must show that G = G. For i el and x € D; we have
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G(i, x) = G(F;(x)) = G(x). Let now ¢: (i, x) —> (j, y) be an arrow in Ds and i —>

k,j i) k arrows, v: Dy (x) —> Dg(y) inducing ¢. This can be expressed in the following
commutative diagram

(k. Da()) — 2 (i)
JFk(v) l¢
k. Dp() —2 ()

We have G (Fg(v)) :?(Fk(v)), Golg = G oy and Gopug = G oug by construction. It
follows that G(¢) = G(¢). O

Remark A.3. When I = N with the usual order a directed system D, of categories indexed
by N is just an infinite sequence of categories and functors:

G G G
Dy —-> Dy =5 Dy 2> .,
Moreover if C is a category then CP is equivalent to the category whose objects are tuples
(Hy, 0,) where: H,: D, —> C is a functor, oy, : H,4+1 oG, —> H, a natural isomorphism.

Let D, be a direct system of categories indexed by I. We have the following fact which
are easy to check:

o If for all arrows « in I the functor D, is faithful (respectively fully faithful, equivalence)
then for all i € I the functor F; is faithful (respectively fully faithful, equivalence);

o If for all i € I the category D; is a groupoid then Dy, is a groupoid;

e If R is a ring, for all i € I the category D; is R-linear and for all arrows « in I the
functor Dy is R-linear then Dy, is naturally an R-linear category and for all i € I the
functor F; is R-linear;

o If for all i € I the category D; is abelian and for all arrows « the functor D, is additive
and exact, then Dy, is an abelian category and for all j € I the functor F; is also
additive and exact.

o If for all i € I the category D; is monoidal and for all arrows «, 8 in [ the functor
D, has a monoidal structure and the A, g are monoidal then we can endow Dy, and,
for all i € I, F; with a monoidal structure in the following way. Given i, j € I choose

i . Bij
ki j € I, maps i = ki j, j —> ki j and define

(i, 0) ® (. ¥) = (ki j, Day,(¥) @D, Dy ; ()

and (ip, lpio) as unit for a chosen ip € I. All the maps required in order to have a
monoidal structure are easy to define.

Proposition A.4. Let C be a category with fiber products, I be a filtered category and Xy
be a directed system of fibered categories over C, that is a direct system of categories
Xy given by data (X;, Xy, Aag, Ai) such all m;i: X; —> C are fibered categories, all
Xy: Xy —> X are maps of fibered categories and all Ay, g, A; are base preserving natural
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transformations. Then the induced functor Xoo —> C makes Xy into a fibered category,
the functor Fj: X; — Xo are maps of fibered categories and gy are base preserving
natural transformations. Moreover if all X; are fibered in groupoids (respectively sets)
then so is Xo.

If ¢ € C then the direct system Xy induces a direct system of categories X(c)x: I —>
(cat) and the F;: X; —> Xoo and the natural transformations uy induces an equivalence

X(C)oo = Xoo(c).

If Y is another fiber category over C then xx restricts to an isomorphism between
Home (Xso, V) and the full subcategory of YX of objects (H;, 84) such that H; are maps
of fibered categories and the 8, are base preserving natural transformations.

Proof. We have that (77, wy) € CY, where we set w, = id for all a, because the 7; strictly
commutes with the Xy. We therefore get a functor 7 : Xoo —> C such that 7; = w0 F;
and 7w (ty) = id. The first equation assures that the F; strictly commutes over C, the
second assures that the u, are base preserving natural transformations. Moreover it is
easy to see that the F; map Cartesian arrows to Cartesian arrows, which in particular
implies that X is a fibered category.

The system &, together with the structure morphisms m; can be seen as a
pseudo-functor from I to the 2-category Fib(C) of fibered categories over C. Given ¢ € C
the evaluation in ¢ yields a functor Fib(C) — (cat) and, composing, we obtain the
direct system X(c),. It is easy to see that X (c) and X (c)eo are the same categories. In
particular if all X; are fibered in groupoids (respectively sets) then so is Xoo.

Let G: X5 —> )Y any functor and xx(G) = (GoF;,Gouy) € VY It is easy to see
that G is base preserving if and only if the Go F; and G(uy) are base preserving. In
this case, assuming that the G o F; preserve Cartesian arrows, we have to show that G
does the same. This follows from the fact that a Cartesian arrow y in Xy is, up to
isomorphism, determined by the target of y and meo(y), which implies that y is image
of a Cartesian arrow in some AXj;. O

Appendix B. Affine gerbes and Tannakian categories

Let k& be a field. In this appendix we collect useful results about affine gerbes and
Tannakian categories. Recall that an affine gerbe I' over k is a gerbe for the fpqc topology
' — Aff/k with affine diagonal. If L/k is a field extension and & € I'(L) then I is affine
if and only if Autp(£) is an affine scheme. Moreover any map from a scheme X — I is
an fpqc covering which is affine if X is affine. (See [4, Proposition 3.1] for details.)

A k-Tannakian category is a k-linear, monoidal, rigid and abelian category C such that
End¢(1¢) = k (where 1¢ is the unit) and there exists a field extension L/k and a k-linear,
exact and monoidal functor C —> VectL.

Classical Tannaka’s duality states that the functors Vect(—) and II, between the
2-categories of affine gerbes over k and k-Tannakian categories are “quasi-inverses” of
each other. See §1 for the definition of I, and of the natural functors C — Vect(Il¢)
and ' — HVect(F)~

Given an affine gerbe I' we will often use the notation RepI' instead of Vect(T").
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Definition B.1. A map of affine group schemes G — G’ over k is a quotient if it is
faithfully flat or equivalently if HY(Og/) — H(Og) is injective (see [16, Chapter 14]).

A map of affine gerbes I i) [ over k is a quotient (respectively faithful) if there
exists a field L and & € I'(L) such that the map of affine group schemes Autp(§) —
Autr (¢ (£)) is a quotient (a monomorphism or equivalently a closed immersion by [16,
§15.3]). This notion does not depend on the choice of & and L. Moreover ¢ is faithful if
and only if it is faithful as a functor.

Proposition B.2. Let ¢: T —> IV be a map of affine gerbes. Then

(1) the map O —> ¢+Or is an isomorphism if and only if ¢*: Repl” —> Repl is
Sfully faithful;

(2) the following are equivalent: (a) ¢ is a quotient; (b) ¢ is a relative gerbe; (c)
the functor ¢*: Repl” —> Repl" is fully faithful and its image is stable under
quotients;

(3) the functor ¢ is faithful if and only if all V € Repl" is a subquotient of ¢*W for
some W € RepI™.

Proof. For (1), the map p: Oy —> ¢,.Or induces maps
Homp/(V, W) — Homp (V, W ® ¢.Or) ~ Homr(¢*V, ¢*W) for V, W € RepI".

So if p is an isomorphism then ¢* is fully faithful. Conversely assume the above map
bijective for all V, W and choose W = Op/. The map p is injective since ¢ is faithfully
flat. The surjectivity follows using that RepI’ generates QCoh(I") by [6, Corollary 3.9,
p. 132].

For (2), (a) <= (c) and (3) see [11, 3.3.3(c), p. 205]. For (2), (a) <= (b) we can assume
I =BG, I" =BG’ and ¢ induced by G —> G’. If ¢ is a quotient then B G xg g Speck ~
B K, where K is the kernel of G —> G’, and thus ¢ is a relative gerbe. For the converse,
one can replace I' by the image of G — G’ and assume G C G’ a closed subgroup. In
this case BG xg g Speck >~ G'/G and G'/G —> Speck is a gerbe if and only if it is an
isomorphism, that is G’ = G. O

Definition B.3. Given a Tannakian category C a full Tannakian subcategory of C is
a sub-abelian, submonoidal and rigid full subcategory D C C which is stable under
quotients (in other words is the image of a functor RepI” — C induced by a quotient
map I — T,

Given a subset T of objects of C we denote by (T) the full subcategory of C whose
objects are subquotients of objects of the form P(X) or P(X") for X € T and P € N[r].
It is easy to see that (T) is the smallest full Tannakian subcategory of C containing 7.
For this reason we call (T') the sub-Tannakian-category spanned by T'.

Definition B.4. If ¢: ' —> I’ is a map of affine gerbe there exists a unique (up to a

unique isomorphism) factorization of ¢ as I’ A —ﬂ> IV, where « is a quotient and B
is faithful. We call A the image of ¢.
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Definition B.5. A finite gerbe over k is an affine gerbe over k which is a finite stack.
An affine gerbe T' over k is finite and étale (respectively local) if it is finite and étale
(respectively local) in the sense of Definition 3.1 (respectively Definition 3.9).

Proposition B.6. Let I be an affine gerbe over k, L/k be a field extension and & € T'(L).

(1) The following conditions are equivalent: (a) ' is an algebraic stack; (b) Autp(§)/L
is of finite type; (c) there exists V € Repl’ such that (V) = Repl.

(2) The gerbe T is finite if and only if there exists V € RepI' generating QCoh(T") (see
Definition 1.3);

(3) The gerbe T is finite (respectively finite and étale, finite and local) if and only if
Autr(§)/L is finite (respectively finite and étale, finite and local).

Proof. Implications (1), (b) <= (¢) = (a) follows from [11, Chapter III, 3.3.1.1] and
fpqc descent. For (a) = (b), we choose an fppf atlas X — I' with X a k-scheme. Since
X xr X is an fppf X-algebraic space, the map X xr X — X Xy X is also fppf. This implies
that the diagonal of I is fppf, whence the result.

Item (2) is proved in [11, Chapter III, 3.3.3(a)], while (3) follows from (1) and
Remark 3.7. O

Remark B.7. Let ¢ be a map of gerbes factorizing as I' A —ﬁ—> IV, where « is a
quotient and B is faithful. If B is affine then ¢ is a quotient if and only if ¢*: Repl”’ —>
RepI is fully faithful. Indeed in this last case also B*: Repl” — RepA would be
fully faithful, that is Op >~ B,Oa thanks to Proposition B.2: if 8 is affine than it is
an isomorphism.

The map B is affine in the following cases: A is finite, for instance if T or '/ is finite;
[ is of finite type and ¢ is a relative Frobenius. Moreover, if L/k is a field extension,
§ el (L), v: G=Autp(§) — Aut(¢(§)) = G’ and H its image, then g is affine if and
only if G’/ H is affine, which is true in the following cases: H is normal in G’, for instance
if IV is abelian; G’ is of finite type and the closed immersion H —> G’ is nilpotent.

This can be proved when L = k is algebraically closed, so that ' = BG, I’ = B G’ and
¢ is induced by v: G — G’. The map B is BH — B G’ and we have a 2-Cartesian
diagram

G'/H — Speck

L,

BH — BG'

So B is affine if and only if G'/H is affine. This is the case if H is finite (see [2, 03BM])
or if H is normal (see [16, §16.3]). If H(k) = G'(k), as for the relative Frobenius, we
have that G'/H is an algebraic space of finite type and with only one rational section
p € G'/H. The complement of p is an algebraic space of finite type without rational
points and thus empty. Since quasi-separated algebraic spaces are generically schemes,
we can conclude that G'/H is a scheme of finite type over k with just one point, thus a
finite k-scheme.
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Definition B.8. Given an affine gerbe I' over k and E € Vect(I"), the monodromy gerbe
of E, denoted by I'g, is the gerbe corresponding to (E), or, equivalently, the image of
the map I' — B GL, induced by E (where n = rk E). By Proposition B.6 I'g is of finite
type over k.

Let C be a Tannakian category, we denote EFin(C) (respectively Et(C), Loc(C)) the full
subcategory of C consisting of objects with finite (respectively finite and étale, finite and
local) monodromy gerbe.

Remark B.9. If C is a Tannakian category then D = EFin(C) (respectively D = Et(C),
D =Loc(C)) is a full Tannakian subcategory of C. Indeed D is additive because, given
E, F € C, the monodromy gerbe of E® F is the image of Tlo — (Ilg)g Xk (ITg) F-
Moreover notice that if E, F € C and F € (E) then (Ilg)r is a quotient of (Ilg)g.
We conclude that D is a full Tannakian subcategory of C observing that: D is
monoidal because EQ F € (E @ F); D is abelian and stable under quotients because
if F is a quotient or a subobject of E then F € (E); D is stable under duals because
EY € (E).

Definition B.10 [4, Definition 7.7, p. 21]. Let C be an additive and monoidal category.
An object E € C is called finite if there exist f # g € N[X] polynomials with natural
coefficients and an isomorphism f(E) >~ g(E), it is called essentially finite if it is a kernel
of a map of finite objects of C. We denote by EFin(C) the full subcategory of C consisting of
essentially finite objects. When C is k-Tannakian the two definitions of EFin(C) introduced
agree thanks to [4, Theorem 7.9], that is an object of C is essentially finite if and only if
it has finite monodromy gerbe.

Definition B.11. Let ' be an affine gerbe. We say that I' is profinite (respectively
pro-étale, pro-local) if it is a filtered projective limit (in the sense of [4, §3]) of finite
(respectively finite and étale, finite and local) gerbes. We denote by T' (respectively
[, T'r) the quotient gerbe IMgpinRepr) (respectively nEt(RepF)’ MiocRepr)) and call it
the profinite (respectively pro-étale, pro-local) quotient of I'. Notice that I' is profinite
(respectively pro-étale, pro-local) if and only if ' = T (respectively I' = T, ' =T')
and, if T is an affine gerbe over k, then T = HIN/kv [y = Hllil/’it and 'y, = I,

We say that ' is smooth (pro-smooth) banded if there exists L/k field extension and
& € T'(L) such that Autp(§) is a smooth group scheme over L (a projective limit of smooth
group schemes over L).

Remark B.12. An affine gerbe I' is pro-smooth banded if and only if any finite type
quotient of I" is smooth banded. The implication “«” follows from the fact that affine
gerbes are projective limit of gerbes of finite type. For the other, we can reduce to the
neutral case, so that one has to prove that if v: G5 = l(ir_nj G; — G is a quotient, G is
of finite type and the G ; are smooth then G is smooth. But v factors through a quotient
map G; — G. Since G; — G is faithfully flat and G; is smooth it follows that G is
smooth.
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